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Tuğba AKYEL1

Bülent Nafi ÖRNEK2

Timur DÜZENLİ3

(İstanbul1 Amasya2,3, Türkiye)

ON THE SECOND DERIVATIVE AND ANGULAR
ESTIMATES FOR A CLASS OF ANALYTIC FUNCTIONS

We establish a sharp upper bound for the the quantity |g′′(0)| for the
function g(z) in a class of analytic functions associated with the cardioid
domain. Furthermore, a lower bound is obtained for the second angular
derivative of the function g(z) on the boundary of the unit disc, under an
appropriate condition on g′(1).
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Tahir Aliyev AZEROĞLU (İstanbul,Türkiye)
Timur DÜZENLİ (Amasya,Türkiye)

Bülent Nafi ÖRNEK (Amasya,Türkiye)

SOME RESULTS FOR DRIVING POINT IMPEDANCE
FUNCTIONS

In this study, the class of positive real functions has been considered as
driving-point impedance functions which are frequently used in electrical
engineering. Positive real functions are crucial particularly in both theoreti-
cal and applied circuit design. Here, we establish some sharp analytical
inequalities related to the real part of Z(s). Considering these inequalities,
the distribution and characteristics of the zeros and poles of the impedance
function have been analyzed and corresponding generic circuit schematics
are given with their spectral analyses.

For each of the derived inequalities, the extremal functions have been
obtained via sharpness analysis. The extremal functions not only serve to
show the sharpness of the inequalities but they also represent the properti-
es of the corresponding circuit structures. The electrical circuits have been
synthesized utilizing the obtained extremal functions and presented through
schematic diagrams. Spectral analyses have also been carried out to exami-
ne how the theoretical results affect the frequency-domain behavior of the
resulting circuits.

The results show that a variety of circuit structures can be obtained
by applying considering the obtained extremal functions contributing to a
deeper understanding of the relationship between the analytical properti-
es of positive real functions and their physical circuit implementations.
Consequently, the methodology presented in this study can possibly used
for designing of passive electrical networks that meet specific performance
criteria governed by mathematical bounds.
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Vita Baksa (Lviv, Ukraine)
Andriy Bandura (Ivano-Frankivsk, Ukraine)

Oleh Skaskiv (Lviv, Ukraine)

ON AN ATTEMPT TO INTRODUCE A NOTION OF
BOUNDED INDEX FOR THE FUETER REGULAR
FUNCTIONS OF THE QUATERNIONIC VARIABLE

Let H be the real associative algebra of quaternions with the standard
basis 1, i, j, k such that i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i,
ki = −ik = j. We write an element q ∈ H in the form q = x0+ix1+jx2+kx3,
where x` ∈ R, for ` = 0, 1, 2, 3

Let U ⊆ H be an open set and let f : U → H be a real differentiable
function. We say that f is left regular on U

∂lf

∂q̄
=

∂f

∂x0

+ i
∂f

∂x1

+ j
∂f

∂x2

+ k
∂f

∂x3

= 0.

We say that f is right regular on U if

∂rf

∂q̄
=

∂f

∂x0

+
∂f

∂x1

i+
∂f

∂x2

j +
∂f

∂x3

k = 0.

The theory of the left regular functions is completely equivalent to the
theory of the right regular functions so, classically, the theory is usually
developed for the case of left regular functions.

Every regular function f : H → H can be represented as a uniformly
convergent series (see [1,2])

f(q) =
∞∑
n=0

∑
ν∈σn

pν(q − q0)aν ,

where aν = (−1)n

n!
∂νf(q0), ∂ν = ∂n

∂x
n1
1 ∂x

n2
2 ∂x

n3
3
, σn denotes the set of triples

ν = (n1, n2, n3), n = n1 + n2 + n3, q0 ∈ H, and

pν(q) =
∑

1≤λ1,...,λn≤3

(x0ıλ1 − xλ1) . . . (x0ıλn − xλn)

Here the sum is taken over the n!
n1!n2!n3!

different alignments of ni elements
equal to i, with i = 1, 2, 3.

An entire function f : C → C is called a function of bounded index if
there exists n0 ∈ Z+ such that for all z ∈ C and for all p ∈ Z+

|f (p)(z)|
p!

≤ max

{
|f (m)(z)|
m!

: 0 ≤ m ≤ n0

}
.
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Below we introduce a generalization of the notion of index for the regular
function of quaternionic variable.

A regular function f : H → H is said to be of bounded index if there
exists n0 ∈ Z+ such that for all q ∈ H and for all α = (α1, α2, α3) ∈ Z3

+ the
following inequality is true

|∂αf(q)|
(α1 + α2 + α3)!

≤

≤ max

{
|∂βf(q)|

(β1 + β2 + β3)!
: 0 ≤ β1 + β2 + β3 ≤ n0, β = (β1, β2, β3) ∈ Z3

+

}
.

The least such integer n0 is called the index of the function f and is denoted
by N(f,H).

It is possible to prove a similar proposition for the sum of two holomorphic
functions, which is not a consequence of the previous one.

Theorem 1. ([3]) Let hk : C → C and their first order derivatives
be entire functions of bounded index, k ∈ {1, 2, 3}. Then the function H :
bbH → H given by

H(q) =
3∑

k=1

Rehk(x0, xk) +
3∑

k=1

ık Imhk(x0, xk)

is the Fueter-regular function of bounded index and its index does not exceed
maximum of indexes of the functions h′k increased by one.

Theorem 2. ([3]) Let h1(z), h2(z) and their derivatives be entire functi-
ons of bounded index. Then the function H(q) : H→ H defined as

H(q) = h1(x0 + ix1) + jh2(x2 + ix3)

is the Fueter-regular function of bounded index and its index does not exceed
maximum of indexes of the functions h′k increased by one.
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Bodnarchuk A. Yu.
Skaskiv O. B.
(Lviv, Ukraine)

ON THE H-MEASURE OF AN EXCEPTIONAL SET IN
FENTON-TYPE THEOREM FOR TAYLOR-DIRICHLET

SERIES

We consider the class S(λ, β, τ) of convergent for all x ≥ 0 Taylor-
Dirichlet type series of the form

F (x) =
+∞∑
n=0

ane
xλn+τ(x)βn ,

where an ≥ 0 for all n ≥ 0, τ : [0,+∞) → (0,+∞) is continuously di-
fferentiable non-decreasing function, λ = (λn) and β = (βn) are such that
λn ≥ 0, βn ≥ 0 for all n ≥ 0.

At International conference "Complex Analysis and Related Topics"(Lviv,
September 23-28, 2013) ([1]) the following conjecture was formulated.

Conjecture 1 ([1]). The following statement is correct: For every sequences
λ and β, functions τ, h, h(x)

x
→ +∞ (x → +∞), there exist a function

F ∈ S(λ, β, τ), a set E and a constant d > 0 such that h − meas E :=∫
E

dh(x) = +∞ and ∀x ∈ E the inequality F (x) > (1 + d)µ(x, F ) holds.

We give a partial answer to a question formulated in Conjecture 1.
Theorem 1 ([2]). For each increasing function h(x) : [0,+∞)→ (0,+∞),

h′(x)↗ +∞ (x→ +∞), every sequence λ = (λn) such that

+∞∑
n=0

1

λn+1 − λn
< +∞

and for any non-decreasing sequence β = (βn) such that βn+1−βn ≤ λn+1−
λn (n ≥ 0) there exist a function τ(x) such that τ ′(x) ≥ 1 (x ≥ x0), a
function F ∈ S(λ, β, τ), a set E and a constant d > 0 such that h-meas
E :=

∫
E
dh(x) = +∞ and

(∀x ∈ E) : F (x) > (1 + d)µ(x, F ),

where µ(x, F ) = max{|an|exλn+τ(x)βn : n ≥ 0} is the maximal term of the
series.

Given Theorem 1, the following questions arise.
Question 1. Is the statement of Conjecture 1 correct in its entirety?
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Question 2 ([1]). Let h : R+ → R+ be a non-decreasing function such
that h(x)

x
→ +∞, (x→ +∞). What are necessary and sufficient conditions

that relationship
F (x) = (1 + o(1))µ(x, F )

holds for x → +∞ (x /∈ E, h-measE < +∞) for every function F ∈
S(λ, β, τ)?

The statement of Theorem 1 for the class S(λ) := S(λ, 0, 0), that is, for
the entire Dirichlet series, was proved earlier in paper [3].

Acknowledgements. The authors of the paper would like to thank Dr.
Yu.Gal’ for his kind cooperation.
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Iryna Denega
Yaroslav Zabolotnyi
(Kyiv, Ukraine)

ON PRODUCTS OF THE INNER RADII OF THE DOMAINS
CONTAINING POINTS OF SOME STRAIGHT LINE

In the paper [1], the following problem was formulated.
Problem. Find the maximum value of the product

m∏
k=1

r (Bk, ak) (1)

(where r(B, a) is an inner radius of a domain B with respect to a point
a) over various systems of non-overlapping domains Bk ⊂ C and points
ak ∈ Bk ∩ [−1, 1], k = 1, ...,m, m > 4.

Later, this problem was repeated in the list of unsolved problems under
number 17 in the Dubinin monograph. The following statement holds.
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Theorem 1. [2] Let n ∈ N, n > 2; l = {z : z = z0 + teiϕ0} is some
straight line, where z0 ∈ C, ϕ0 ∈ R, are some fixed numbers, and ϕ0 ∈
(−π

2
; π

2
), and t is a parameter that runs through the set of all real numbers.

Then for any fixed points ak, k = 1, n, line l, such that ak = z0 + ρke
iϕ0,

where ρk are real numbers, 0 = ρ1 < ρ2 < ... < ρn, and any set of mutually
non-overlapping domains {Bk}, k = 1, n, such that ak ∈ Bk ⊂ C, k = 1, n,
the following inequality is valid:

n∏
k=1

r (Bk, ak) 6 (n− 1)−
n
4

( ∏
16p<k6n

|ρp − ρk|
) 2

n−1

.

The following theorem gives some estimate of the product (1) for the
points ak and domains Bk that satisfy all conditions of the above-formulated
Problem.

Theorem 2. [2] Let n ∈ N, n > 5, l = {z : z = z0 + teiϕ0} be some
straight line, a1 = z0, an = z0 +ρeiϕ0, where ρ is some positive real number.
Then for an arbitrary set of points {ak}, k = 2, n− 1, in the interval (a1, an)
and an arbitrary set of domains {Bk}, k = 1, n, such that ak ∈ Bk ⊂ C,
k = 1, n, Bi ∩Bj = ∅, i 6= j, the following inequality holds:

n∏
k=1

r(Bk, ak) 6 (n− 1)−
n
4

n−1∏
k=1

(
ρk

n− 1

) 2(n−k)
n−1

.
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S. Dimitrova
V. Burlayenko

N. Girya
(Kharkiv, Ukraine)

RECONSTRUCTION OF AN ENTIRE FUNCTION IN A
LOCALLY CONVEX SPACE FROM DISCRETE VALUES

The reconstruction of a signal from its discrete samples is a classical and
fundamental problem in information theory. In modern applications, includi-
ng communication systems, quantum computing, and image processing,
there exists a need to study vector-valued signals modeled as functions
taking values in locally convex spaces. These signals extend beyond purely
numerical models and are used to represent abstract entities such as states,
fields, or operators. However, generalizing classical reconstruction theory to
infinite-dimensional settings introduces significant challenges, particularly
those related to topological structures and convergence behavior. In this
context, the application of Lagrange-type interpolation formulas entails
several subtle and nontrivial analytical considerations.

Let us consider abstract entire analytic functions of a complex variable
z (z = x+ iy), defined by a globally convergent power series of the form

f(z) = c0 + c1z + c2z
2 + ...+ cnz

n + ...,

where the coefficients ci ∈ X and X is a locally convex space.

Definition. A function f(z) is called an entire function of exponential
type σ (denoted f(z) ∈ Bσ), if for every ε > 0 and for every seminorm pα(.)
there exists a constant A(ε,α) > 0, such that for all z

pα(f(z)) ≤ A(ε,α)e
(σ+ε)|z|,

and for some sequence of points ẑ ∈ C

pα(f(ẑ) > A(ε,α)e
(σ−ε)|ẑ|.

We denote by Bσ the set of abstract entire functions of exponential type σ
that are bounded on the real axis in the sense that

pα(f(x)) ≤Mα, x ∈ (−∞,∞).

Definition. The symbol W (2)
(∗,σ) denotes the class of abstract functions

of exponential type σ, that are bounded on the real axis and possess weak
square-integrability over the real line.
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f ∈ W (2)
(∗,σ) ⇔


1. f(x) ∈ Bσ

2. sup
−∞<x<+∞

|〈x∗, f(x)〉| <∞,∀x∗ ∈ X∗

3.
∞∫
−∞
|〈x∗, f(x)〉|2dx <∞, ∀x∗ ∈ X∗

where X∗ is the dual space of the locally convex space X.

Remark. In the case under consideration, it is straightforward to show
that the following two conditions are equivalent:

∞∫
∞

|〈x∗, f(x)〉|2dx <∞ and
∞∑

n=−∞

|〈x∗, f(nπ

β
)〉|2 <∞.

That is, ∀x∗ ∈ X∗


1. f(x) ∈ Bσ

2. sup
−∞<x<+∞

|〈x∗, f(x)〉| <∞,

3.
∞∫
−∞
|〈x∗, f(x)〉|2dx <∞,

⇔


1. f(x) ∈ Bσ

2. sup
−∞<x<+∞

|〈x∗, f(x)〉| <∞,

3.
∞∑

n=−∞
|〈x∗, f(nπ

β
)〉|2 <∞.

For abstract entire functions of exponential type σ, the following Lagrange
interpolation formula can be stated:

Theorem 1. Let f(z) ∈ W (2)
(∗,π) be an abstract function taking values in

a sequentially complete locally convex space X that contains no subspaces
isomorphic to c0. Then the function f(z) can be uniquely reconstructed from
the sequence {f(n)}∞n=−∞ ∈ X by the Lagrange interpolation formula

f(z) =
∞∑

n=−∞

(−1)n
sin(πz)

π(z − n)
f(n).

Theorem 2. Let f(z) ∈ Bσ, σ < π be an abstract function taking values
in a sequentially complete locally convex space X that contains no subspaces
isomorphic to c0. Then the function f(z) can be uniquely reconstructed from
the sequence {f(n)}∞n=−∞ ∈ X

f(z + k) =
∞∑

n=−∞

(−1)n
sin(πz)

π(n− z)
· sin(ω(n− z))

ω(n− z)
f(n+ k), ω < π − σ.
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O. P. Dovhopiatyi
E. O. Sevost’yanov
(Zhytomyr, Ukraine)

ON BOUNDARY DISTORTION ESTIMATES OF MAPPINGS
IN DOMAINS WITH POINCARE INEQUALITY

Let Q : Rn → [0,∞] be a Lebesgue measurable function that vanishes
outside D. In view of [section 7.6,1], we will say that the mapping f : D →
Rn is a ring Q-mapping at the point x0 ∈ D with respect to p-module, x0 6=
∞, p > 1, if there is r0 = r(x0) > 0 such that for arbitrary 0 < r1 < r2 < r0

the following inequality holds

Mp(f(Γ(S(x0, r1), S(x0, r2), D))) 6
∫
A

Q(x) · ηp(|x− x0|) dm(x) , (1)

where η : (r1, r2)→ [0,∞] is an arbitrary non-negative Lebesgue-dimensional
function such that

r2∫
r1

η(r) dr > 1 . (2)

Given [section 7.22,2], we say that the borel function ρ : D → [0,∞] is
the upper gradient for u : D → R, if the inequality |u(x) − u(y)| 6

∫
γ

ρ |dx|

is satisfied for all the smooth curves γ, connecting the points x and y ∈ D.
We say that in the domain D the Poincare inequality (1; p), p > 1, holds if
there exist constants C > 1 and τ > 0 such that for each ball B ⊂ D, of
an arbitrary bounded continuous function u : D → R and each of its upper
gradients ρ holds

12



1

m(B)

∫
B

|u(x)− uB| dm(x) 6 C · (diamB)

 1

m(τB)

∫
τB

ρp(x) dm(x)

1/p

,

where uB := 1
m(B)

∫
B

u(x) dm(x). A domain D is called Ahlfors regular, if

there exists a constant C > 1 such that for every x0 ∈ D and any R <
diamD the inequalities 1

C
Rn 6 m(B(x0, R)∩D) 6 CRn holds. Let A,B ⊂

Rn. Let’s put diamA = sup
x,y∈A

|x− y| , dist (A,B) = inf
x∈A,y∈B

|x− y| .

For δ > 0 and p > 1, the domains D,D ′ ⊂ Rn, n > 2, x0 ∈ ∂D,
continuum A ⊂ D and the Lebesgue measurable function Q : D → [0,∞]
denoted by Fp,x0Q,A,δ(D,D

′) the family of all ring Q-homeomorphisms f of
D onto D ′ at the point x0 with respect to the p-module, satisfying the
condition diam (f(A)) > δ. The following result is obtained.

Theorem 1. Let x0 ∈ ∂D, x0 6= ∞, n − 1 < p 6 n. Assume that
D ′ is a regular Alfors bounded domain with (1; p)-Poincare inequality, and
the following conditions are satisfied: 1) there exists r ′0 = r ′0(x0) > 0 such
that the set B(x0, r) ∩ D is connected for all 0 < r < r ′0; 2) there exists
δ0 = δ0(x0) > 0 such that.

δ0∫
ε

dt

t
n−1
p−1 q

1
p−1
x0 (t)

<∞ ∀ ε ∈ (0, δ0) ,

δ0∫
0

dt

t
n−1
p−1 q

1
p−1
x0 (t)

=∞ . (3)

Then every f ∈ Fp,x0Q,A,δ(D,D
′) has a continuous extension to the point x0, in

addition, there are ε0 > 0 and C̃ > 0, such that for all x, y ∈ B(x0, ε0)∩D,
|x− x0| > |y − x0|, and for all f ∈ Fp,x0Q,A,δ(D,D

′) is valid next evaluation

|f(x)− f(y)| 6 C̃ ·

 ε0∫
|x−x0|

dt

t
n−1
p−1 q

1
p−1
x0 (t)


1−p

. (4)
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S. Dubei
T. Salo

(Lviv, Ukraine)

AN ANALOGUE OF THE WIMAN THEOREM FOR ENTIRE
FUNCTIONS OF SEVERAL VARIABLES

Let L be the class of positive continuous functions increasing to +∞ on
[0; +∞) and L1 be the class of continuous positive nondecreasing on [0,+∞)
functions h such that h(x+O(1)) = O(h(x)) (x→ +∞).

Let L2 be the class of continuous positive nondecreasing on [0; +∞)
functions h such that h

(
x+ 1/h(x)

)
= O(h(x)) (x→ +∞).

Let h be a positive continuous nondecreasing function and E ⊂ [0; +∞)
be a locally Lebesgue measurable set of finite measure measE =

∫
E
dx <

+∞. Then the asymptotic h-density of E is defined as
Dh(E) = lim

R→+∞
h(R) ·meas (E ∩ [R,+∞)).

Let A = (A1, . . . , Ap) ∈ Rp be a fixed vector, and {Gr,A}r≥0 be a system
of A-like polylinear domains, which is the exhaustion of Cp ([1]).

Let us consider the class Hp of entire functions in Cp, which are bounded
in an arbitrary domain ΠR = {z ∈ Cp : Rez < R}, R = (R1, . . . , Rp) ∈ Rp

+.
For a function F ∈ Hp and x ∈ Rp it is obvious thatM(x, F ) := sup{|F (x+
iy)| : y ∈ Rp} < +∞. Moreover, if an analytic function F is bounded in
a polylinear domain G, then for every x such that {z ∈ Cp : Re z1 =
x1, . . . ,Re zp = xp} ⊂ G one has M(x, F ) < +∞.

For a function F ∈ Hp and r > 0 the supremum of its modulus at
the polylinear domain Gr,A is denoted by SF (r, A) := sup{|F (z)| : z ∈
Gr,A}. Since lnSF (r, A) is a convex function, it has a right-hand derivative
everywhere LF (r, A) :=

(
lnSF (r, A)

)′
+
,

For F ∈ Hp and r > 0 let us denote
BF (r, A) = sup{Re F (z) : z ∈ ∂Gr,A}, mF (r, A) = inf{Re F (z) : z ∈ ∂Gr,A}.

The following theorem is an analog of Wiman’s theorem.

Theorem 1 [1]. Let F ∈ Hp, A ∈ Rp be such that LF (r, A) ↑ +∞
(r → +∞). If Φ ∈ L, h ∈ L2 are the functions such that

LF (r, A) ≥ Φ(r) (r ≥ r0), h(r) = o(Φ(r)) (r → +∞),

then there exists a set E ⊂ R+ of zero asymptotic h-density (i.e. Dh(E) = 0)
such that

SF (r, A) = (1 + o(1))BF (r, A) = −(1 + o(1))mF (r, A) (1)

as r → +∞ (r ∈ R+ \ E).
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Nelson Faustino (Aveiro, Portugal)

DISPERSIVE PROPERTIES OF SPACE-FRACTIONAL
DIRAC EQUATIONS AND RELATED MODELS

In this talk, we introduce a novel Cauchy problem driven by a fracti-
onal Dirac operator of the form D(−∆)

α−1
2 (0 < α ≤ 2), where the Dirac

operator D is defined with respect to a Clifford algebra of signature (0, n)

and the fractional Riesz operator (−∆)
α−1
2 is characterized by its Fourier

symbol |ξ|α−1. Accordingly, the Cauchy problem{
i∂tw(x, t) +D(−∆)

α−1
2 w(x, t) = 0, (x, t) ∈ Rn+1,

w(x, 0) = w0(x), x ∈ Rn.
(1)

serves as our starting point in unveiling the system’s inherent dispersive
properties. To this end, we employ Strichartz-type estimates for the uni-
tary semigroup

{
e−it(−∆)

α
2

}
t∈R

in conjunction with Hardy space projectors
1
2
(I ± H), where H = D(−∆)−

1
2 denotes the Riesz-Hilbert transform.

This significant theoretical insight was previously explored by the author in
Reference 1. and has been extensively applied in Reference 2.

Furthermore, we establish a canonical correspondence between the soluti-
ons of the Cauchy problem (1) and those of the following nonlinear Cauchy
problem{

∂tu(x, t)− i(−∆)
α
2Hu(x, t) = DG(βu(x, t)) , (x, t) ∈ Rn+1,

u(x, 0) = u0(x) , x ∈ Rn,
(2)

demonstrating that if u is a solution of the Cauchy problem (1) and there
exists a Clifford-valued function F satisfying

DF (x, t) = βu(x, t), for all (x, t) ∈ Rn+1,

then a suitable choice of the nonlinear function G guarantees that w =
e−iβ

−1F (β 6= 0) is a solution of the nonlinear Cauchy problem (2).
The latter construction draws significant inspiration from Tao’s semi-

nal work on the Benjamin-Ono equation (see Reference 3.). Fundamentally
rooted in gauge theory, it exhibits notable parallels with the Cole-Hopf
transformation.
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Sergii Favorov (Kharkiv, Ukraine)

CRYSTALLINE MEASURES, fOURIER QUASICRYSTALS,
THEIR GENERALIZATIONS AND SOME APPLICATIONS

We give definitions of crystalline measure and Fourier quasicrystal, di-
scuss the relationship between these notions, and show some sufficient condi-
tions for a crystalline measure to be a Fourier quasicrystal. We then present
the theorem of Olevskii and Ulanovskii on the 1-1 correspondence between
zeros of exponential polynomials and Fourier quasicrystals with unit masses.
We show generalizations of this result to the zeros of absolutely convergence
Dirichlet series, to slowly growing measures with countable spectrum, to the
zeros of almost periodic functions in a strip. The last result yields the simple
criterion of representability of almost periodic entire functions of exponenti-
al growth (in particular exponential polynomials) as a finite product of sines.

Cristina Flaut (Constanţa, România)

ABOUT OF k-POTENT ELEMENTS IN THE SPLIT
QUATERNION ALGEBRA HZp

In the following, we present the number of k-potent elements over HZp
and we give a descriptive formula for the general case. For k ∈ {3, 4, 5}, we
present an explicit formula for these values. The proposed methods give us
all elements with these properties. Moreover, as an application, we count
the number of solutions of the equation xk = 1 over HZp . For this purpose,
we used computer as a tool to check and understand the behavior of these
elements in each studied case. This presentation is based on the results
obtained in the joint paper [FB; 25].
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Anatoly Golberg (Holon, Israel)

WEAK CONFORMALITY AND EXTREMAL LENGTH
BOUNDS

The notions of quasiconformality and quasiregularity in a domain are
natural extensions of the conformality concept. The automorphism f(z) =
z(
√
|z|+1)/2 of the unit disk provides a simple example of a quasiconformal

mapping that preserves conformality only at the origin. The question of
whether global quasiconformality/quasiregularity or their extensions can
guarantee a mapping to be conformal at a prescribed point was raised more
than 80 years ago, beginning with papers by Menshoff and Teichmüller. In
our talk, we will present some local conditions weaker than conformality,
illustrating them with several examples. All such results can be regarded as
Teichmüller-Wittich-Belinskĭı-type theorems.
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Several approaches exist for studying the main features of quasiconformal
and quasiregular mappings. The method of extremal lengths (moduli), whi-
ch dates back to the classical works of Grötzsch and Ahlfors-Beurling, stands
as one of the most fruitful techniques. An additional aim of our talk is
to present new sharp bounds for the moduli of families of curves (paths),
involving integrals containing the so-called directional dilatations. Several
examples will illustrate these estimates.

Vladimir Gol’dshtein (Beer Sheva, Israel)
Evgeny Sevost’yanov (Zhytomyr, Ukraine)
Alexander Ukhlov (Beer Sheva, Israel)

ON THE THEORY OF GENERALIZED QUASICONFORMAL
MAPPINGS

Let us give the basic definitions. Let Γ be a family of paths γ in Rn. A
Borel function ρ : Rn → [0,∞] is called admissible for Γ if

∫
γ

ρ(x)|dx| > 1

for all (locally rectifiable) paths γ ∈ Γ. In this case, we write: ρ ∈ adm Γ.
Given a number q > 1, q-modulus of the family of paths Γ is defined as
Mq(Γ) = inf

ρ∈ adm Γ

∫
D

ρ q(x) dm(x) . Let x0 ∈ D, x0 6=∞, then

B(x0, r) = {x ∈ Rn : |x− x0| < r} ,

A = A(x0, r1, r2) = {x ∈ Rn : r1 < |x− x0| < r2} .
Given sets E, F ⊂ Rn and a domain D ⊂ Rn, we denote Γ(E,F,D) a family
of all paths γ : [a, b] → Rn such that γ(a) ∈ E, γ(b) ∈ F and γ(t) ∈ D for
all t ∈ (a, b).

Let Q : Rn → [0,∞] be a Lebesgue measurable function. We say that f
satisfies the Poletsky inverse inequality with respect to q-modulus at a point
y0 ∈ f(D), 1 < q <∞, if the moduli inequality

Mq(Γ(E,F,D)) 6
∫

A(y0,r1,r2)∩f(D)

Q(y) · η q(|y − y0|) dm(y) (1)

holds for any continua E ⊂ f −1(B(y0, r1)), F ⊂ f −1(f(D) \ B(y0, r2)),
0 < r1 < r2 < r0 = sup

y∈f(D)

|y − y0|, and any Lebesgue measurable function

η : (r1, r2)→ [0,∞] such that

r2∫
r1

η(r) dr > 1 .
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Let D,D ′ be domains in Rn, n > 2. For numbers 1 6 q < ∞ and a
Lebesgue measurable function Q : Rn → [0,∞], Q = 0 a.e. on Rn \D ′, we
denote be Rq

Q(D,D ′) the family of all open and discrete mappings f : D →
D ′ such that the moduli inequality (1) holds at any point y0 ∈ D ′.

Theorem. Let Q ∈ L1(Rn) and q > n. Suppose that, K is compact in D,
and D ′ is bounded. Then there exists a constant C = C(n, q,K, ‖Q‖1, D,D

′) >
0 such that the inequality

|f(x)− f(y)| 6 Cn ·
(‖Q‖1)

1
q

log
1
n

(
1 + r0

2|x−y|

) , r0 = d(K, ∂D),

holds for any x, y ∈ K and f ∈ RQ(D,D ′), where ‖Q‖1 denotes the L1-
norm of the function Q in Rn.

Gryshchuk S.V.
(Kyiv, Ukraine)

PIECEWISE BIHARMONIC EXTENSION OF GRADIENTS
AND MONOGENIC FUNCTIONS

Necessary and sufficient conditions have been found for the existence of
an extension across a smooth curve for the gradients of functions defined
and biharmonic in the corresponding domains adjacent to the given curve.
Moreover, the found extension determines the gradient of the biharmonic
function in the union of the indicated domains and has continuous partial
derivatives of certain orders at the curve’s points.

R E F E R E N C E S
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Gutlyanskii V. (Dnipro, Ukraine)
Ryazanov V. (Cherkasy, Ukraine)
Salimov A. (Dnipro, Ukraine)
Salimov R. (Kyiv, Ukraine)

TOWARD THE POTENTIAL THEORY
IN ANISOTROPIC AND INHOMOGENEOUS MEDIA

The report is devoted to consequences from the well-developed theory of
the Beltrami equations in the complex plane C, see e.g. monographs [1]-[3],
to the so-called generalized Cauchy-Riemann equations in the real plane
R2, see [4],[5]. The former is a complex form of one of the main equati-
ons of hydromechanics (fluid mechanics) in anisotropic and inhomogeneous
media. The latter is a linear equation that relates, through a matrix-valued
coefficient, the gradient of a stream function to the gradient of the potenti-
al function of steady state flow of incompressible fluid in such media. Our
survey [5] includes, in particular, various types of results as theorems on
the existence of regular solutions for the main boundary value problems of
Hilbert, Dirichlet, Neumann, Poincare and Riemann, including non-linear,
to the generalized Cauchy-Riemann equations.

As is well-known, the characteristic property of an analytic function
f = u + i v in the complex plane C is that its real and imaginary parts
satisfy the Cauchy–Riemann system

∂u

∂x
=

∂v

∂y
,

∂u

∂y
= − ∂v

∂x
. (1)

Euler was the first who found the connection of system (1) to analytic
functions.

A physical interpretation of (1), going back to Riemann works on functi-
on theory, is that u and v represent a potential function and a stream
function of the incompressible fluid steady flow in isotropic and homogeneous
media.

The system (1) can be rewritten as the one equation in the matrix form

∇ v = H ∇u , (2)

where∇ v and∇u denotes the gradient of v and u, correspondingly, interpreted
as vector-columns in R2, and H : R2 → R2 is the so-calledHodge operator
represented as the 2× 2 matrix

H :=

[
0 −1
1 0

]
, (3)
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which carries out the counterclockwise rotation of vectors by the angle π/2
in the real plane R2. Thus, (2) shows that streamlines and equipotential
lines of the fluid flow are mutually orthogonal.

Note that H is an analog of the imaginary unit i in the space M2×2 of
all 2× 2 matrices with real entries because

H2 := − I , (4)

where I is the unit 2× 2 matrix.
In the recent article [5], we have studied the interconnections between the

Beltrami equations and the generalized Cauchy-Riemann equations

∇ v = B ∇u (5)

with the matrix valued coefficients B : D → M2×2 that describe the
incompressible fluid steady flows in anisotropic and inhomogeneous media.
Then, on the basis of the well-developed theory of the Beltrami equations,
we have given the corresponding consequences on the existence of regular
solutions of the main boundary value problems for the equations (5).

Moreover, let us clarify the relationships of the equations (5) and the
known A−harmonic equation for the potential function

divA(Z) gradu(Z) = 0 , Z = (x, y) ∈ R2 , (6)

with matrix valued coefficientsA : D →M2×2 that is one of the main equati-
ons of hydromechanics (fluid mechanics) in anisotropic and inhomogeneous
media.

For this purpose, recall that the Hodge operator H transforms curl-
free fields into divergence-free fields and vice versa. Thus, if u ∈ W 1,1

loc is a
solution of (6) in the sense of distributions, then the field V := HA∇u is
curl-free and, consequently, V = ∇v for some v ∈ W 1,1

loc and the pair (u, v)
is a solution of the equation (5) in the sense of distributions with

B := H · A . (7)

Vice versa, if u and v ∈ W 1,1
loc satisfies (5) in the sense of distributions,

then u satisfies (6) also in the sense of distributions with

A := −H ·B = H−1 ·B (8)

because the curl of any gradient field is zero in the sense of distributions.
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Oleh Herus (Zhytomyr, Ukraine)

ON THE ZYGMUND-TYPE ESTIMATE FOR A
QUATERNIONIC SINGULAR CAUCHY INTEGRAL

1. Quaternionic singular Cauchy integral on a plane curve. Let
C ⊃ Γ be a closed Jordan rectifiable curve, H(C) be the algebra of complex
quaternions a =

∑3
k=0 akik, where {ak}3

k=0 ⊂ C, i0 = 1, and i1, i2, i3 be
imaginary quaternionic units with the multiplication rule i12 = i2

2 = i3
2 =

i1i2i3 = −1, f : Γ → H(C) be a continuous function. We consider the
quaternionic singular Cauchy integral

Fα[f ](t) := lim
δ→0

∫
Γ\Γt,δ

Kα(ζ − t)σ (f(ζ)− f(t)), t ∈ Γ,

where α ∈ C and t := τi1 + ηi2, ζ := ξi1 + ηi2 are real quaternions
from Euclidean space R2 equipped with the quaternion structure and σ :=
dηi1− dξi2 is the quaternionic differential form, Γt,δ := {ζ∈Γ : |ζ − t| 6 δ},

Kα(z) := − z

2π|z|2
+

α

2π
ln |z|+ K̃α(z)
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(K̃α is a continuous function, vanishing when α = 0) is the quaternionic
Cauchy kernel.

Let for δ > 0

ωΓ(f, δ) := sup
|z1−z2|6δ

{z1;z2}⊂Γ

|f(z1)− f(z2)|

be the modulus of continuity of a function f on Γ. We obtain an upper
estimate for the modulus of continuity of the integral Fα[f ] in terms of the
modulus of continuity of the integrand f and a metric characteristic of the
curve Γ.

2. Quaternionic singular Cauchy integral on a space surface.
For a closed Jordan rectifiable oriented surface Γ ⊂ R3 and for a conti-
nuous function f : Γ→ H(C) we consider the quaternionic singular Cauchy
integral

Fα[f ](t) := lim
δ→0

∫
Γ\Γt,δ

Kα(ζ − t) ν(ζ) (f(ζ)− f(t)) dsζ , t ∈ Γ,

where α ∈ C, dsζ is the surface square element and ν(ζ) := ν1(ζ)i1 +
ν2(ζ)i2 + ν3(ζ)i3 is the unit outward normal vector to oriented surface Γ in
those points ζ ∈ Γ, where it exists,

Kα(z) := −
(
α +

z

|z|2
+ iα

z

|z|

)
e−iα|z|

4π|z|

is the quaternionic Cauchy kernel.
Let θz(δ) := mes Γz,δ be the surface measure of the set Γz,δ. The surface

Γ is called a regular surface, if there exists a positive constant K, such as
for all z ∈ Γ and for all δ > 0 the inequality θz(δ) 6 Kδ2 holds true. We
proved the next estimate for modulus of continuity of the integral Fα[f ] on
a regular surface Γ in terms of the modulus of continuity of the integrand
f :

ωΓ(Fα, δ) 6 cKe3|α|d

(1 + 2d|α|)
2d∫

0

ωΓ(f, x)

x
(

1 +
x

δ

)dx+ |α|2δ
2d∫
δ

ωΓ(f, x) dx

 ,

where d is the diameter of the surface Γ.
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Yuri Karlovich (Cuernavaca, Mexico)

BANACH ALGEBRAS OF CONVOLUTION TYPE
OPERATORS WITH OSCILLATING DATA ON WEIGHTED

LEBESGUE SPACES

Let Bp,w be the Banach algebra of all bounded linear operators acting
on the weighted Lebesgue space Lp(R, w), where p ∈ (1,∞) and w is a
Muckenhoupt weight. Consider the Banach algebra Ap,w ⊂ Bp,w generated
by all multiplication operators aI (a ∈ PQC) and all convolution operators
W 0(b) (b ∈ PSO♦p,w), where PQC ⊂ L∞(R) is the C∗-algebra of piecewise
quasicontinuous functions, PSO♦p,w ⊂ Mp,w is the Banach algebra of pi-
ecewise slowly oscillating functions that admit piecewise slowly oscillating
discontinuities at arbitrary points of R ∪ {∞}, and Mp,w is the Banach
algebra of Fourier multipliers on Lp(R, w). For any p ∈ (1,∞) and any
Muckenhoupt weight w, we study the Fredholmness of operators in the
Banach algebra Zp,w ⊂ Ap,w generated by the operators aW 0(b) with quasi-
continuous functions a ∈ QC and slowly oscillating functions b ∈ SO♦p,w.
This allows one to investigate the Fredholmness of operators A ∈ Ap,w by
using the Allan-Douglas local principle and the two idempotents theorem.
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Vladimir V. Kisil (Leeds, England)

TRANSMUTATIONS FROM THE COVARIANT
TRANSFORM

ON THE HEISENBERG GROUP AND AN EXTENDED
UMBRAL PRINCIPLE

We discuss several seemingly assorted objects: the umbral calculus [1],
generalised translations [2] and associated transmutations [3-5], symbolic
calculus of operators [6]. The common framework for them is representati-
ons of the Weyl algebra of the Heisenberg group by ladder operators [7].
Transporting various properties between different implementations we revi-
ew some classic results and new opportunities [8].
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Konstantinov O.V. (Kyiv, Ukraine)

GENERALIZATION OF FARADAY PROBLEM FOR THE
MECHANICAL SYSTEM ”RESERVOIR – LIQUID WITH A

FREE SURFACE”

Structures with free surface liquid are often used in modern engineering
as components of transportation and energy systems, as well as systems
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for the transportation and storage of various environmentally hazardous
and technological liquids. In this case, the relative mass of the liquid can
be significant, and thus the mobility of the liquid significantly affects the
dynamics and control of such systems. Mathematical models of the dynamics
of liquid-containing structures belong to a subclass of objects with internal
degrees of freedom, and in cases of large relative mass of the liquid, it is
crucial to account for the coupled nature of the motion of the system’s
components, which is traditionally a difficult task.

The parametric resonance in the mechanical system ”tank -– liquid with
a free surface” was first experimentally investigated by Faraday in 1831 [1]. A
cylindrical tank, partially filled with water, was set up on special laboratory
equipment and had the ability to move in a vertical plane according to a
specified harmonic law. The result of the experiment was Faraday’s conclusi-
on of the fact that the first resonance frequency of the free surface of the
liquid is equal to half of the frequency of the tank’s disturbance. This result
is known in the history of mechanics as the classical Faraday problem.

Since in the classical Faraday problem the reservoir moves only verti-
cally according to a given law, the oscillations of the liquid do not affect
the nature of its motion. In fact, this means that the reservoir moves in a
vertical channel or has an infinitely large mass. However, in most practical
applications (such as a ship pitching on waves, the flight of a launch vehicle,
etc.), the structure with the liquid can undergo translational and angular
motions in different planes due to both oscillations of the free surface of the
liquid and the presence of external force or torque disturbances. In this case,
the mass of the liquid can significantly exceed the mass of the tank, which
is why considering the combined motion of the tank and the liquid with
a free surface, as well as their interaction, is a determining factor. Thus,
to approach practical applications, it is suggested to generalize the classi-
cal Faraday problem by introducing an additional degree of freedom to the
system ”tank — liquid with a free surface”: the possibility of translational
motion in the horizontal plane and the possibility of performing angular
oscillations on a pendulum suspension.

A cylindrical tank, partially filled with liquid, is considered. We treat
the tank as a rigid body that can undergo translational movement and
angular oscillations due to active external forces and moments, as well as
the presence of kinematic disturbances. The liquid is assumed to be ideal,
incompressible, and homogeneous, and its initial motion is non-vortical. The
work applies a mathematical model created in the works of O.S. Lymarchenko
[2], which has undergone extensive validation, including comparisons wi-
th the results of theoretical and experimental research by other authors.
The independent parameters chosen are the excitation amplitudes of the
waveforms at the free surface of the liquid, and the translational and rotati-
onal motion parameters of the carrier structure. According to the theorem
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stating that the irrotational motion of an ideal incompressible homogeneous
fluid is entirely determined by the motion of its boundaries (the amplitudes
of the oscillation shapes determine the motion of the free surface of the
fluid, and the linear and angular displacements determine the motion of the
rigid boundaries of the area occupied by the fluid), the chosen parameters
fully characterize the dynamics of the system and constitute a minimal set
of parameters. At the same time, based on these parameters, the characteri-
stics of the motion of the free surface of the fluid, the velocity field of the
fluid, and the angular velocity of the motion of the tank can be completely
restored.

To summarize Faraday problem, the following has been done: 1) a mechani-
cal formulation of the problem for each case of generalization; 2) obtaining
in analytical form formulas for calculating the natural frequencies of coupled
vibrations; 3) obtaining in analytical form formulas for calculating the regi-
ons of stability and instability of the system; 4) conducting qualitative and
spectral analysis of the results of computational experiments to identify the
properties of the system’s motion and to verify the validity of the accepted
hypotheses.

The introduction of an additional degree of freedom into the system (the
possibility of horizontal movement or angular oscillations of the tank on a
pendulum suspension) leads to an increase in the frequency of parametric
resonance, which is higher the smaller the mass of the tank relative to the
mass of the liquid or the shorter the length of the pendulum suspension.
When the tank is subjected to vertical perturbation, allowing for horizontal
movement or angular oscillations on a pendulum suspension, unlike the
classical Faraday problem, the dynamic processes in the system develop
as a combination of parametric resonance and forced oscillations. For this
generalization of the Faraday problem, the system can enter a nonlinear
oscillation mode at any frequency. Generally, achieving a steady oscillation
regime in nonlinear multi-frequency systems of the ”tank – liquid with a
free surface” type under parametric disturbances of the tank’s movement
does not occur – the spectrum of oscillations of the disturbance at the free
surface of the liquid at the wall (as the most characteristic point available
for measurements and observations) always contains harmonics at both the
natural and combination frequencies.
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Nataliya Ilkevych
(Zhytomyr, Ukraine)

ON ONE ANALOG OF NÄKKI THEOREM FOR
NON-CONFORMAL MODULI

Let us give some definitions. A Borel function ρ : Rn → [0,∞] is called
admissible for family Γ of paths γ in Rn, if

∫
γ

ρ(x) |dx| > 1 holds for any

(locally rectifiable) path γ ∈ Γ. In this case, we write: ρ ∈ adm Γ. Gi-
ven p > 1, we define p-modulus of the family Γ by the equality Mp(Γ) =

inf
ρ∈ adm Γ

∫
Rn
ρp(x) dm(x) . Set M(Γ) := Mn(Γ). Let E0, E1 ⊂ Rn, Rn = Rn ∪

{∞}, and let D be a domain in Rn, n > 2. Set M(Γ) = Mn(Γ). Denote by
Γ(E0, E1, D) the family of all paths joining E0 and E1 in D. The following
result was established by R. Näkki (see [1, Lemma 1.15]).

Theorem A. (The positivity of the modulus of families of paths
joining a pair of continua). Let D be a domain in Rn, n > 2. If A and
A ∗ are (nondegenerate) continua in D, then M(Γ(A,A ∗, D)) > 0.

We have proved Näkki’s result to the case of a modulus of order p > 1.
The following theorem holds.

Theorem A1. Let D be a domain in Rn, n > 2, and let p > n− 1. If A
and A ∗ are (nondegenerate) continua in D, then Mp(Γ(A,A ∗, D)) > 0.

Let p > 1 and let D be a domain in Rn, n > 2. We say that ∂D is
strongly accessible at the point x0 ∈ ∂D with respect to p-modulus, if for
any neighborhood U of x0 there is a compact set E ⊂ D, a neighborhood
V ⊂ U of x0 and a number δ > 0 such that Mp(Γ(E,F,D)) > δ for each
continuum F in D with F ∩ ∂U 6= ∅ 6= F ∩ ∂V.

Theorem B. Let D be a domain in Rn, n > 2, which has strongly
accessible boundary at the point x0 ∈ ∂D \ {∞} with respect to p-modulus,
p > n− 1. Then D is finitely connected at the point x0, in other words, for
any neighborhood U of x0 there exists a neighborhood V ⊂ U of the same
point such that V ∩D has a finite number of components.
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Tetiana Kuzmenko (Zhytomyr, Ukraine)
Vitalii Shpakivskyi (Kyiv, Ukraine)

HAUSDORFF ANALYTIC FUNCTIONS IN A
THREE-DIMENSIONAL NONCOMMUTATIVE ALGEBRA

Let apply the Hausdorff approach [1] to the functions with values in the
algebra Ã2 over the field of complex numbers C with the basis {I1, I2, ρ},
whose elements satisfy the following multiplication rules:

· I1 I2 ρ

I1 I1 0 0
I2 0 I2 ρ
ρ ρ 0 0

.

Let Ω = {ζ = ξ1I1 + ξ2I2 + ξ3ρ ∈ Ã2} be a domain in the algebra Ã2.
Further, we will identify a domain Ω with the domain ΩC = {(ξ1, ξ2, ξ3) ∈
C3}.

A function Φ : Ω→ Ã2 of the form

Φ(ζ) = f1(ξ1, ξ2, ξ3)I1 + f2(ξ1, ξ2, ξ3)I2 + f3(ξ1, ξ2, ξ3)ρ, (1)

is called H-analytic in a domain Ω, if Φ is differentiable by Hausdorff at
every point ζ ∈ Ω, i.e., if the differential dΦ is a C-linear homogeneous
polynomials of the differential dζ = dξ1I1 + dξ2I2 + dξ3ρ:

dΦ =
9∑
s=1

As(ζ) dζ Bs(ζ) , (2)

where As and Bs are some Ã2-valued functions of the variable ζ.
In this case, for any ζ ∈ Ω the element

Φ′H(ζ) :=
9∑
s=1

AsBs

is called H-derivative of the function Φ at the point ζ.
Theorem 1 [2]. A function Φ : Ω→ Ã2 of the form (1), where fk : Ω→

C3 are holomorphic functions, is H-analytic in the domain Ω ⊂ Ã2 if and
only if the conditions

∂f1

∂ξ2

=
∂f1

∂ξ3

=
∂f2

∂ξ1

=
∂f2

∂ξ3

= 0, (3)

∂2f3

∂ξ2
3

= 0 (4)
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are satisfied.

Theorem 2 [2]. If the function Φ : Ω→ Ã2 is H-analytic in the domain
Ω, then its derivative Φ′H(ζ) exists and is independent of a choice of the
functions As, Bs in equality (2). In this case,

Φ′H(ζ) =
∂f1

∂ξ1

I1 +
∂f2

∂ξ2

I2 +

(
∂f3

∂ξ1

+
∂f3

∂ξ2

)
ρ.

Due to equalities (3) and taking into account that the functions f1, f2

are holomorphic, we have

f1(ξ1, ξ2, ξ3) = f1(ξ1), f2(ξ1, ξ2, ξ3) = f2(ξ2).

Now integrating the equality (4) twice, we have

∂f3

∂ξ3

= ϕ1(ξ1, ξ2),

f3(ξ1, ξ2, ξ3) = ϕ1(ξ1, ξ2)ξ3 + ϕ2(ξ1, ξ2),

where ϕ1, ϕ2 are holomorphic functions of two complex variables.
Therefore, every H-analytic function can be expressed in the form

Φ(ζ) = f1(ξ1)I1 + f2(ξ2)I2 + [ϕ1(ξ1, ξ2)ξ3 + ϕ2(ξ1, ξ2)] ρ.

It is easy to show that the inverse element to the element ζ = ξ1I1 +
ξ2I2 + ξ3ρ is of the form

ζ−1 =
1

ξ1

I1 +
1

ξ2

I2 −
ξ3

ξ1ξ2

ρ, (5)

where ξ1 6= 0 and ξ2 6= 0.
Let τ := t1I1 + t2I2, where t1, t2 ∈ C and dτ := dt1dt2. Then, the next

equality follows from equality (5):

(τ − ζ)−1 =
1

t1 − ξ1

I1 +
1

t2 − ξ2

I2 −
ξ3

(t1 − ξ1)(t2 − ξ2)
ρ.

Let D ⊂ C2 be an arbitrary domain on the plane (t1, t2). In the domain
D we take an arbitrary subdomain G such that G = G1 × G2, Gs is a
domain on a plane ts , s = 1, 2, with a piecewise smooth boundary ∂Gs ,
and ξs ∈ Gs , s = 1, 2. In follow Γ := ∂G1 × ∂G2 .

Now we construct a representation of H-analytic functions as the sum
of integrals of the form

1

(2πi)2

∫
Γ

f(t1, t2) (τ − ζ)−1dτ,
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where f(t1, t2) is some holomorphic function of two complex variables in D.
Theorem 3 [2]. Every H-analytic function Φ : D×C→ Ã2 in a domain

D × C can be expressed by formula

Φ(ζ) =
1

(2πi)2

∫
Γ

(
f1(t1)

t2 − ξ2

I1 − ϕ1(t1, t2)I2 +
ϕ2(t1, t2)

t2 − ξ2

ρ

)
(τ − ζ)−1dτ+

+
1

(2πi)2

∫
Γ

f2(t2)

t1 − ξ1

(τ − ζ)−1dτ I2 ,

where f1, f2 are some holomorphic functions in the domain D.
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Ivan Kyrchei (Lviv, Ukraine)

THE RIGHT–LEFT WG QUATERNION INVERSES

Let Hm×n be the set of all m×n matrices over the quaternion skew field H.
If A ∈ Hn×m, its Moore-Penrose inverse is unique X = A† such that

(1) AXA = A, (2) XAX = X, (3) (AX)∗ = AX, (4) (XA)∗ = XA.

The Drazin inverse AD of A ∈ Hn×n with k = Ind(A) = min{k ∈ N ∪
{0} | rank(Ak) = rank(Ak+1)} is unique X for which

(1k) AkXA = Ak, (2) XAX = X, (5) AX = XA.

The right core–EP inverse A †© of A ∈ Hn×n with k = Ind(A) presents the
distinctive solution to Eqs. X = XAX and Cr(X) = Cr(AD) = Cr(X∗). The
left core–EP inverse A †© of A ∈ Hn×n is the unique solution to X = XAX
and Rl(X) = Rl(A

D) = Rl(X
∗). Here Cr(X) is the right column space,

and Rl(X) is the left row space of X. Moreover, A †© = Ak(Ak+1)† and
A †© = (Ak+1)†Ak.

Definition 1. [1] Let A ∈ Hn×n with k = Ind(A). The right weak group
inverse of A is the unique solution X := Aw© to Eqs. AX2 = X, AX =
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A †©A. The left weak group inverse of A is the unique solution X := Aw© to
Eqs. X2A = X, XA = AA †©.

Moreover, Aw© = (A †©)2 A and Aw© = A (A †©)2.

Definition 2. [2] The i-th row determinant of A = (aij) ∈ Hn×n, for
any i ∈ In = {1, . . . , n}, is given by

rdetiA :=
∑
σ∈Sn

(−1)n−r (ai ik1aik1 ik1+1
. . . aik1+l1 i) . . . (aikr ikr+1

. . . aikr+lr ikr ),

where Sn is the symmetric group on In, while the permutation σ is a product
of mutually disjoint cycles ordered from the left to right by the rules

σ = (i ik1ik1+1 . . . ik1+l1) (ik2ik2+1 . . . ik2+l2) . . . (ikrikr+1 . . . ikr+lr) ,

ikt < ikt+s, ik2 < ik3 < · · · < ikr , ∀ t = 2, . . . , r, s = 1, . . . , lt.

For any j ∈ In, the j-th column determinant of A is defined as

cdetjA =
∑
τ∈Sn

(−1)n−r(ajkr jkr+lr · · · ajkr+1jkr
) · · · (ajjk1+l1 · · · ajk1+1jk1

ajk1j),

in which a permutation, τ , is ordered from the right to left as follows

τ = (jkr+lr · · · jkr+1jkr) · · · (jk2+l2 · · · jk2+1jk2) (jk1+l1 · · · jk1+1jk1j) ,

jkt < jkt+s, jk2 < jk3 < · · · < jkr .

The non-commutativity of quaternion operations generally results in di-
fferent R- and C-determinants, except in the case where A is a Hermitian
matrix, then

rdet1A = · · · = rdetnA = cdet1A = · · · = cdetnA = α ∈ R.

This property allows us to define the unique determinant of a Hermitian
matrix A by putting det A = α. The denotation |A| := det A is also used.

The next symbols will be used. Let ai. and a. j denote the i-th row and
j-th column of A, respectively. Further, A.j (c) (resp. Ai. (b)) stand for the
matrix formed by replacing the j-th column (resp. i-th row) of A by the
column vector c (resp. by the row vector b). Suppose α := {α1, . . . , αk} ⊆
{1, . . . ,m} and β := {β1, . . . , βk} ⊆ {1, . . . , n} are subsets with 1 ≤ k ≤
min {m,n}. For A ∈ Hm×n, Aα

β stands for a submatrix with rows and
columns indexed by α and β, respectively. When A ∈ Hn×n is Hermitian,
Aα
α and |A|αα denote a principal submatrix and a principal minor of A,

respectively. Let Lk,n := {α : α = (α1, . . . , αk) , 1 ≤ α1 < · · · < αk ≤ n} be
the set of strictly increasing sequences of k ∈ {1, . . . , n} integers elected
from {1, . . . , n}. For some i ∈ α and j ∈ β, Ir,m{i} := {α : α ∈ Lr,m, i ∈ α},
Jr,n{j} := {β : β ∈ Lr,n, j ∈ β}.
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The following theorem gives determinantal (D-)representations of the
right and left WG inverses.

Theorem 1. [1] Let A ∈ Hn×n with k = Ind(A) and rank(Ak) = s.
Then the right WG inverse Aw© =

(
aw©,r
ij

)
and the left WG inverse Aw© =(

aw©,l
ij

)
possess the subsequent D-representations

aw©,r
ij =

n∑
t=1

∑
α∈Is,n{t}

rdett

([
Ak+2

(
Ak+2

)∗]
t.

(â
(2)
i . )
)α
α
atj∑

α∈Is,n
|Ak+2 (Ak+2)∗|αα

,

aw©,l
ij =

n∑
t=1

ait
∑

β∈Js,n{t}
cdett

([(
Ak+2

)∗
Ak+2

]
.t

(ǎ
(2)
.j )
)β
β∑

β∈Js,n
|(Ak+2)∗Ak+2|ββ

,

where â
(2)
i . is the ith row of Â2 = Ak(Ak+2)∗, and ǎ

(2)
.j is the jth column of

Ǎ2 = (Ak+2)∗Ak.
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Massimo Lanza de Cristoforis (Padova, Italy)

REPRESENTATION THEOREMS FOR NONVARIATIONAL
SOLUTIONS OF THE HELMHOLTZ EQUATION

We consider a bounded open subset Ω of Rn of class C1,α for some α ∈
]0, 1[ and we plan to present integral representation theorems for α-Hölder
continuous solutions of the Helmholtz equation in Ω and in the exterior of
Ω that may have an infinite Dirichlet integral around the boundary of Ω.
Thus for solutions that do not belong to the classical variational setting.
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Limarchenko O. S. (Kyiv, Ukraine)

SPECIFIC MANIFESTATION OF NONLINEARITIES IN THE
PROBLEM OF LIQUID SLOSHING IN RESERVOIRS

The classical theory of nonlinear oscillations is mostly based on the examples
of mechanical systems with one degree of freedom. If we transit to the class
of mechanical systems with several degrees of freedoms some new aspects of
the system behavior appear, however in general few new effects manifest. In
the case, when we consider the continuum system, especially the problem
of liquid sloshing in reservoirs, we meet considerable complication of the
system behavior, which is mostly caused by specific arrangement of the
system frequencies. Additional complexity of the system behavior is caused
also by the combined character of motion of the liquid and the carrying
structure, which corresponds to the main types of practical problems. Here
we mention the main specific features of manifestation of nonlinear properti-
es of such kind of the systems with short analysis of mathematical premises
of their appearance.

1. In the case of transversal excitation of the motion of the reservoir
with a liquid a development of oscillations of antisymmetric modes causes
the internal excitation of main symmetrical modes according to nonlinear
connection by terms of the second order of smallness. This immediately
provide non-symmetry of waves profiles, which is supposed to be the
main manifestation nonlinearity of the wave propagation [1, 2].

2. Experiments shown that after transversal pulse loading of the carrying
structure we observe the lowering at the midpoint. Numerical experi-
ments showed that in this case it is necessary to take into account greater
than one symmetric mode, which is mostly ignored in other known models
[1].

3. Specificity of the liquid sloshing problem consists in the transcendent
relation between normal frequencies of separate modes. Since the sum of
oscillations with transcendent frequencies is not periodic, it follows that
the problem of periodic motion liquid sloshing has no solution [4,
5].

4. If we write the solvability condition for the nonlinear sloshing problem?
we obtain the condition that liquid must propagate above its unperturbed
state within the border, which is specified by reservoir walls. This condi-
tion holds automatically for reservoirs of cylindrical shape, however for
non-cylindrical reservoirs construction of such kind of solution represent
non-trivial problem. The reason is that additional conditions above the li-
quid free surface contradict with the uniqueness of the classical problem
statement for determination of eigenfrequencies and eigenfunctions. However
we propose the method of auxiliary domain which enables to obtain the
required solution [2].

34



5. Mobility of liquid filling in different structures complicates signifi-
cantly the problem of control of motion of the carrying body. It is practi-
cally impossible to use traditional approaches for the motion control of such
systems because of complexity and high dimension of the model of combined
motion of liquid with a free surface and the carrying structure. However,
the variational approach enables to get in the open form the main vector
of interaction of the liquid with reservoir walls (liquid response). Therefore,
we propose to use the principle of compensation of the liquid response
as a control [3]. In this way we eliminate the effect of liquid mobility on the
motion of the carrying body. This approach showed its efficiency for linear
and nonlinear ranges of the system perturbations. In addition we found that
in the case of linear model for the determination of the liquid response effici-
ency of the control is poor for short time intervals but with further increase
of time it becomes better.

6. For problems of forced oscillations of the reservoir with a liquid for
both translational and rotational motion we observe strong mani-
festation ofmodulation of oscillations. Near the resonant zone the period
of the envelope line is very long, therefore sometimes this type of oscillati-
ons is accepted mistakenly as a steady motion [5]. The grater is the exciting
frequency, the longer is the period of modulation. In the case of the system
combined motion its distribution of frequencies considerably depends on
the ratio between masses of the liquid and the structure. The effect of combi-
ned character of motion results not only in changes of values of frequencies
but in changing of the arrangement of frequencies if we put frequencies in
the ascending order[3].

7. Since for the combined motion of the carrying structure and the liquid
the redistribution of normal frequencies occurs, this causes that the lowest
frequency is not correspond to the main normal mode (usually the first anti-
symmetric mode of oscillations). Therefore, we observe the manifestation
of secondary resonances [3]. This effect is met mostly for the angular
motion of the reservoir on a pendulum suspension with a short suspension
lengths when the first normal mode with the circumferential number m = 2.

These nonlinear effects are mostly peculiar for the class of problems
connected with the combined motion of the reservoirs and a liquid with a
free surface. At the same time mainly their manifestation is predetermi-
ned by the specific arrangement of the system normal frequencies, when on
increase of the number of a frequency the distance between the neighbori-
ng frequencies reduces. As the result of this we met transcendent relations
between frequencies (which "kills"periodicity of the process) and "groupi-
ng"of the highest normal modes.
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 Lukasz T. Stepien (Krakow, Poland)

ON EXACT SOLUTIONS OF SOME HEAVENLY-LIKE
EQUATIONS

Certain exact solutions (the so-called functionally-invariant solutions) of
some heavenly-like equations will be presented.
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Sergiy Maksymenko (Kyiv, Ukraine)

DEFORMATIONS OF SMOOTH FUNCTIONS ON
COMPACT SURFACES

Let M be a smooth compact surface. Denote by F(M) the set of C∞
functions f : M → R satisfying the following two conditions:

(a) f has no critical points on the boundary ∂M and takes constant values
on its connected components;

(b) at each critical points p of f there are local coordinates (x, y) in which
f is a homogeneoous polynomial without multiple factors.
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For instance, if g : U → C is a holomorphic function defined on some
open subset U ⊂ C, then the critical points of its real and imaginary part,
<(g) and =(g), satisfy condition (b).

Let D(M) be the group of C∞ diffeomorphisms of M . Then there is a
natural right action of D(M) on the space C∞(M) of C∞ function M → R
defined by

µ : C∞(M)×D(M)→ C∞(M), µ(f, h) := f ◦ h.

For f ∈ C∞(M) let

S(f) := {h ∈ D(M) | f ◦ h = f}, O(f) := {f ◦ h | h ∈ D(M)},

be the corresponding stabilizer and orbit of f with respect to the above
action.

Let ∆f = {f−1(c) | c ∈ R} the partition of M into level sets of f . Then
the partition ∆f◦h = {h−1(f−1(c)) | c ∈ R} for the function f ◦ h consists
of inverse images under h of elements of ∆f . In particular, S(f) consists of
diffeomorphisms h : M →M which leave invariant the elemets of ∆f .

The aim of the talk is to describe a recent progres in the computations
of the homotopy types (deformational properties) of S(f) and O(f).
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Agnieszka Niemczynowicz (Kraków, Poland)

HYPERCOMPLEX NEURAL NETWORKS: CURRENT
STATE OF KNOWLEDGE AND FUTURE PERSPECTIVES

Hypercomplex-valued neural networks (HvNNs) represent a rapidly evolving
field that extends traditional artificial neural networks into higher-dimensional
number systems such as complex numbers, quaternions, and octonions.
These architectures offer unique advantages in handling multidimensional
data, preserving phase and amplitude information, and reducing network
complexity through parameter sharing.
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This lecture provides a comprehensive overview of the current state of
knowledge on hypercomplex-valued neural networks, covering their mathemati-
cal foundations, architectural designs, and key application areas. We also
examine the main challenges facing researchers in this domain and highli-
ght the growing potential of HvNNs as a powerful tool in modern machine
learning, while emphasizing the need for continued theoretical and practical
advancements.
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Ma lgorzata Nowak-Kȩpczyk (Lublin, Poland)

MODELING MATHEMATICS STUDENT MOTIVATION
SHIFTS THROUGH PSYCHOLOGICAL TEACHING SPACES

Like a boat we built with trust — sleek, fast, and seemingly full of
promise — modern educational change, propelled by ever-present media and
AI usage, carries our children swiftly forward. We believed this was the best
course. But in its speed and shine, this vessel may be drifting away from
something essential: the quiet, deliberate, deeply human art of teaching.

We are beginning to see the cost — in students’ ability to focus, to reflect,
and to think with depth and independence.

Our study, based on a questionnaire completed by 183 participants
across age groups, investigates the motivational space created by math
teachers and how it influences both short- and long-term student engagement.
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We identify characteristic teaching styles and, using a modified Princi-
pal Component Analysis (PCA), model how student motivation shifts as
educational environments evolve.

From this, we propose a novel four-dimensional geometric model — a
dynamic tetrahedron — to visualize these motivational transformations and
trace students’ trajectories through different learning contexts.

This approach highlights the teacher’s central role in shaping not only
learning outcomes, but also the psychological and cognitive foundations of
education. It offers a practical, transferable framework for understanding
and simulating how teaching practices affect student development — an
urgently needed compass in the journey through our times.
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Tetiana Osipchuk (Kyiv, Ukraine)

ON WEAKLY 1-CONVEX SETS IN EUCLIDEAN SPACES

Weakly 1-convex sets in the n-dimensional real Euclidean space, Rn,
n > 2, can be considered as a real analogue of lineally convex sets of multi-
dimensional complex space. The notion was coined by Yurii Zelinskii [1].

An open set is called weakly 1-convex if for any boundary point of the
set there exists a straight line passing through this point and not intersecting
the given set [1]. A closed set is calledweakly 1-convex if it is approximated
from the outside by a family of open weakly 1-convex sets [1]. A point of the
complement of a set to the whole space is called a 1-nonconvexity point
of the set if any straight line passing through the point intersects the set.
The collection of all 1-nonconvexity points of a subset E ⊂ Rn is said to
be the 1-nonconvexity-point set corresponding to E and is denoted by
E4 [2].

Theorem 1 (Dakhil [3], Osipchuk [4]). An open or closed weakly 1-
convex subset E ⊂ R2 with non-empty 1-nonconvexity-point set consists of
not less than three connected components.

Theorem 2 (Osipchuk [4]). There exist weakly 1-convex domains and
closed connected subsets of Rn, n > 3, with non-empty 1-nonconvexity-point
sets.

Theorem 3 (Osipchuk [5, 6]). Let a subset E ⊂ R2 be open and weakly
1-convex, and let E4 6= ∅. Let E4j , j ∈ N ⊆ N, be the components of E4.
Then

(a) E4 is open and weakly 1-convex;

(b) each component E4j , j ∈ N , is convex;

(c) any connected part of ∂E4j , j ∈ N , consisting of only smooth points
is either a line segment, a ray, or a point;

(d) there exists a collection of straight lines
{
Lk
}
k∈M , M ⊆ N, such that

•
⋃
k

Lk ⊃ ∂E4,

• the set
⋃
k

Lk
⋃
E4 does not contain straight lines intersecting

E4,

•
⋃
k

Lk
⋂
E = ∅;

(e) each component E4j , j ∈ N , is the interior of a convex polygon, if E
is bounded and consists of finite number of components.
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Theorem 4 (Osipchuk [7]). Suppose that an open subset E ⊂ Rn is
weakly 1-convex with non-empty set E4. Then E4 is open and weakly 1-
convex, and there exists a collection of straight lines {L(x)}x∈∂E4 passing
through the points x ∈ ∂E4 such that

• the set
⋃

x∈∂E4
L(x)

⋃
E4 does not contain straight lines intersecting

E4,

•
⋃

x∈∂E4
L(x)

⋂
E = ∅.

Theorem 5 (Osipchuk [7]). There exists an open weakly 1-convex domain
E ⊂ Rn, n > 3, such that E4 is non-empty, bounded (or unbounded),
connected, and non-convex.

Theorem 6 (Osipchuk [7]). Let E ⊂ Rn be a closed subset such that
IntE 6= ∅. If E is weakly 1-convex, then IntE is weakly 1-convex.
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Dariusz Partyka (Lublin, Poland)

GEOMETRIC PROPERTIES OF HARMONIC FUNCTIONS
IN THE UNIT DISC WITH BOUNDARY NORMALIZATION

Given n ∈ N let T1, T2, . . . , Tn be closed arcs contained in the unit circle T :=
{z ∈ C : |z| = 1}, with positive length, total length 2π and covering T. Write
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F for the class of all complex-valued harmonic functions F of the unit disc
D := {z ∈ C : |z| < 1} into itself satisfying the following sectorial condition:
For each k ∈ {1, 2, . . . , n} and for almost every z ∈ Tk the radial limit of
F at the point z belongs to the angular sector determined by the convex
hull spanned by the zero and arc Tk. Another class H under consideration
consists of all harmonic diffeomorphisms F of D onto itself satisfying the
following classical boundary condition: For every k ∈ {1, . . . , n} the radial
limit of F at the point ek is equal to ek. Here {e1, e2, . . . , en} is a subset of
T containing n points placed according to the positive orientation of T. The
talk is a survey of results on geometric properties for both classes, obtained
in cooperation with Anna Futa and Józef Zaja̧c in [1]–[5]. An example result
is the following Schwarz type inequality

|F (z)| ≤ 2

π
arctan

(√
3

1 + |z|
1− |z|

)
, F ∈ F , z ∈ D, (1)

where the class F is defined by the arcs Tk := {eit : t ∈ [2π(k−1)/3; 2πk/3]},
k ∈ {1, 2, 3}; cf. [1, Corollary 2.2 and Remark 2.5]. The inequality (1) is also
valid for the classH defined by the points e1, e2 and e3 being successive cube
roots of unity; cf. [1, Corollary 2.4 and Remark 2.5]. The sets {F (0) : F ∈ F}
and {F (0) : F ∈ H} are precisely determined in [3] and [5], respectively. The
remaining presented inequalities related to (1) for the more general case of
the classes F and H are taken from [2] and [4].
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EXTREMAL PROBLEMS ON THE MINIMIZATION OF THE
AREA FUNCTIONAL

Let G be a domain in the complex plane C. A Sobolev homeomorphism
f ∈ W 1,1

loc is termed regular in G if Jf > 0 almost everywhere in G.
We will use the following notation:

Br = {z ∈ C : |z| < r} , B = {z ∈ C : |z| < 1} , γr = {z ∈ C : |z| = r} .

For a regular Sobolev homeomorphism f : B→ C and p > 1, we define
the p-angular dilatation at z = reiθ ∈ B \ 0 with respect to z0 = 0 as:

Dp,f (z) =
|fθ(reiθ)|p

rpJf (reiθ)
.

For Dp,f (z) and r ∈ (0, 1), we denote

dp,f (r) =

 1

2πr

∫
γr

D
1
p−1

p,f (z) |dz|

p−1

. (1)

Consider the area functional Sr(f) = |f(Br)|. We first fix 1 < p < 2,
K > 0, and α < 2 − p, and define H1 = H1(p,K, α) as the set of all
regular Sobolev homeomorphisms f : B→ C (in W 1,1

loc ) possessing the Lusin
(N)-property and satisfying the condition

dp,f (t) 6 Ktα

for a.e. (almost every) t ∈ [0, 1).

Theorem 1. For all r ∈ [0, 1), the following equality holds:

min
f∈H1

Sr(f) = πK−
2

2−p

(
2− p

2− p− α

) 2
2−p

r
2(2−p−α)

2−p .

Moreover, the minimum of this functional is attained by the radial stretching

f̃(z) =

K−
1

2−p

(
2−p

2−p−α

) 1
2−p |z|−

α
2−p z, z 6= 0,

0, z = 0.
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Next, we consider the case with the mixed growth condition. Fix 1 <
p < 2, K > 0, and β > 1, and denote by H2 = H2(p,K, β) the set of all
regular Sobolev homeomorphisms f : B → C (in W 1,1

loc ) that preserve the
Lusin (N)-property and satisfy the mixed growth condition

dp,f (t) 6 Kt2−p
(

ln
e

t

)β
for a.e. t ∈ [0, 1).

Theorem 2. For all r ∈ [0, 1), the following equality holds:

min
f∈H2

Sr(f) = πK−
2

2−p

(
2− p
β − 1

) 2
2−p (

ln
e

r

) 2(1−β)
2−p

.

Moreover, the minimum of this functional is attained by

f̂(z) =

K−
1

2−p

(
2−p
β−1

) 1
2−p
(

ln e
|z|

) 1−β
2−p z

|z| , z 6= 0,

0, z = 0.
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Sergiy Plaksa (Kyiv, Ukraine)

CONTINUOUS EXTENSION OF THE LOGARITHMIC
DOUBLE LAYER POTENTIAL TO THE

ALPHORS-REGULAR BOUNDARY OF A DOMAIN

Let γ be a closed rectifiable Jordan curve in the complex plane C, and let
D+ and D− be the interior and exterior domains bounded by γ, respectively.

We consider the logarithmic double layer potential

1

2π

∫
γ

g(t)
∂

∂nt

(
ln

1

|t− z|

)
dst = Re

(
1

2πi

∫
γ

g(t)

t− z
dt

)
∀ z ∈ D±,

where nt and st denote the unit vector of the outward normal to the curve
γ at a point t ∈ γ and an arc coordinate of this point, respectively, and the
integral density g : γ → R takes values in the set of real numbers R.

The classical theory of the logarithmic double layer potential is
developed in the case where γ is a Lyapunov curve (see J. Plemelj [1]) or a
Radon curve of bounded rotation (see J. Radon [2]). J. Král [3] established
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a necessary and sufficient condition for the curve γ, under which the logari-
thmic double layer potential is continuously extended from the domains D±
to the boundary for all continuous functions g.

We consider an Ahlfors-regular curve (see [4, 5]), i.e., a closed rectifiable
Jordan curve γ satisfying the condition sup

ξ∈γ
mes γε(ξ) = O(ε), ε → 0,

where γε(ξ) := {t ∈ γ : |t − ξ| ≤ ε} and mes denotes the linear Lebesgue
measure on the curve γ.

The class of Ahlfors-regular curves includes as a subclass the curves from
the mentioned Král’s result (as well as the Lyapunov curves and the Radon
curves).

For the logarithmic double layer potential, a necessary and sufficient
condition for the continuous extension to the Ahlfors-regular boundary is
established in the following

Theorem. Let a closed Jordan curve γ be Ahlfors-regular and let a
function g : γ → R be continuous on γ. The logarithmic double layer potenti-
al is continuously extended to the boundary γ from the domain D+ or D−
if and only if the following condition is satisfied:

sup
ξ∈γ

sup
δ∈(0,ε)

∣∣∣∣ ∫
γε(ξ)\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣→ 0 , ε→ 0 .

In the case where this condition is satisfied, for all ξ ∈ γ, the limiting values
of the logarithmic double layer potential from the domain D± are represented
by the formulas

lim
z→ξ,z∈D+

Re

(
1

2πi

∫
γ

g(t)

t− z
dt

)
= g(ξ) +

1

2π

∫
γ

(
g(t)− g(ξ)

)
d arg(t− ξ) ,

lim
z→ξ,z∈D−

Re

(
1

2πi

∫
γ

g(t)

t− z
dt

)
=

1

2π

∫
γ

(
g(t)− g(ξ)

)
d arg(t− ξ) .

For the continuous extension of the logarithmic double layer potential
to the boundary of a domain, we also consider sufficient conditions that
cover the case of curves of a wider class than in the mentioned Kral’s result.
Illustrative examples will be presented.
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RIEMANN ZETA FUNCTION OF A VARIABLE FROM
COMMUTATIVE ALGEBRA

Abstract. We introduce and study the extension of the Riemann zeta
function to commutative algebras with identity.

Suppose A is a d-dimensional commutative algebra over a field K = R
(or C) with a basis e1, e2,. . . , ed and e1 is the identity of A.

Suppose A has non-trivial idempotents i1, i2,. . . , id such that ikim = 0,
k 6= m, and

∑d
k=1 ik = 1.

Denote by Im = {aim|a ∈ A} the principal ideal generated by im, m =
1, . . . , d. It is easily seen that A can be decomposed in the direct sum (the
Pierce decomposition)

A =I1 ⊕ I2 ⊕ . . .⊕ Id.
Lemma 1. Idempotents i1, i2,. . . , id are linearly independent.
Lemma 2. If b ∈ Im then there exists k ∈ K such that b = kim, i.e., the

ideal Im can be represented as follows Im = {kim|k ∈ K}.
Theorem 1. For any a ∈ A we have the following decomposition

a =
d∑

m=1

kmim, km∈ K.

It is easily verified that al =
∑d

m=1 k
l
mim.

Let us define a∈A power of a natural number.
For a =

∑d
m=1 kmim and n ∈ N, we have

na = exp (a lnn) =
∞∑
l=0

al (lnn)l

l!
=

d∑
m=1

∞∑
l=0

klm (lnn)l

l!
im =

d∑
m=1

nkmim.
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The zeta function of a∈A variable
For a =

∑d
m=1 kmim

ζ(a) =
∞∑
n=0

n−a =
∞∑
n=0

d∑
m=1

n−kmim =
d∑

m=1

∞∑
n=0

n−kmim =
d∑

m=1

ζ (km) im.

Conclusion.
IfK = R the zeta function has only the trivial zeros at points km = −2lm,

lm∈ N, m = 1, 2, . . . , d.
If K = C the A algebra Riemann hyposesis is as follows:
Non-trivial zeros of the zeta function of variable a ∈ A are located at

a = 1
2

+ iΣ, where Σ =
∑d

m=1 σmim, m = 1, 2, . . . , d and 1
2

+ iσm is zero of
the complex zeta function ζ(z).
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ONCE AGAIN ABOUT THE EXCEPTIONAL SET IN
ERDŐS-MACINTYRE TYPE THEOREM’S FOR DIRICHLET

SERIES AND SOME CONJECTURES

Denote by D(Λ) the class of entire (absolutely convergent in the complex
plane) Dirichlet series of the form F (z) =

∑+∞

n=0
ane

zλn , where Λ = (λn) is
a fixed sequence such that 0 = λ0 < λn ↑ +∞ (1 ≤ n→ +∞).

Let us introduce some notations for F ∈ D(Λ) and x ∈ R: µ(x, F ) =
max{|an|exλn : n ≥ 0} is the maximal term,M(x, F ) = sup{|F (x+iy)| : y ∈
R} is the maximum modulus, m(x, F ) = inf{|F (x + iy)| : y ∈ R} is the
minimum modulus, ν(x, F ) = max{n : |an|exλn = µ(x, F )} is the central
index of the Dirichlet series.
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O.B. Skaskiv (1984) proved the following theorem.

Theorem A (O.B. Skaskiv, 1984). For every entire function F ∈
D(Λ) the relation

F (x+ iy) = (1 + o(1))aν(x,F )e
(x+iy)λν(x,F ) (1)

holds as x → +∞ outside some set E of finite Lebesgue measure (
∫
E
dx <

+∞) uniformly in y ∈ R, if and only if
+∞∑
n=0

1

λn+1 − λn
< +∞. (2)

The finiteness of Lebesgue measure of an exceptional set E in Theorem A
is the sharp estimate in the whole class of entire functions F ∈ D(Λ) (T.M.
Salo, O.B. Skaskiv, Mat.Stud., 2001). Therefore, the problem of the sharp
describing the magnitude of the exceptional set in relation (1) for an arbi-
trary given function F ∈ D(Λ) such that the exponents Λ satisfy condition
(2) naturally arises. Such a problem was first formulated by I.V. Ostrovskii
(1995) regarding the exceptional set in the classical Wiman inequality for
entire functions represented by power series.

Let Φ be apositive increasing to +∞ continuos function on [0,+∞), ϕ
be the inverse function to function Φ and h be a differentiable on [0,+∞)
function such that h′(x)↘ +∞ (x↘ +∞). Consider the class

D(Λ,Φ) = {F ∈ D(Λ) : (∃Kj > 0) : lnµ(x,Φ) ≥ K1xΦ(K2x) (x > x0)}.

T.Salo and O.Skaskiv proved ([1, 2]) the following theorem.

Theorem 1. For the asymptotic relation (1) to hold for every function
F ∈ D(Λ,Φ) as x → +∞ outside some set E of finite h-measure, i.e.∫
E
dh(x) < +∞, uniformly in y ∈ R, it is necessary and sufficient that

(∀b > 0) :
+∞∑
n=0

h′(bϕ(bλn))

λn+1 − λn
< +∞.

Conjecture 1. The description of an exeptional set E in Theorem 1 is
the best possible in the class D(Λ,Φ).

Let us cosider the class
Dϕ(Λ) =

{
F ∈ D(Λ) : (∃n0)(∀n ≥ n0)[|an| ≤ exp{−λnϕ(λn)}]

}
.

Conjecture 2. Let ϕ be positive increaing to +∞ continuos function,
and h be positive decreasing function such that h′(x)↘ 0 (x↗ +∞). If

+∞∑
n=0

h′(ϕ(λn))

λn+1 − λn
< +∞,

then for each F ∈ Dϕ(Λ) relation (1) holds as x → +∞ outside some set
E of finite h-measure uniformly in y ∈ R.
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ON EXISTENCE OF SOLUTIONS OF BELTRAMI
EQUATIONS IN THE CONTEXT OF TANGENTIAL

DILATATION

Let µ = µ(z, w) : D × C → D be ν = ν(z, w) : D × C → D some
functions. Let us consider the equation

fz = µ(z, f(z)) · fz + ν(z, f(z)) · fz , (1)

where fz = (fx + ify)/2 and fz = (fx − ify)/2. Fix n > 1 and set

µn(z, w) =

{
µ(z, w), Kµ,ν 6 n,

0 , Kµ,ν > n ,

and
νn(z, w) =

{
ν(z, w), Kµ,ν 6 n,

0 , Kµ,ν > n ,

whereKµ,ν(z, w) = 1+|µ(z,w)|+|ν(z,w)|
1−|µ (z,w)|−|ν(z,w)| . Assume that, µ = µ(z, w) : D×C→

D and ν = ν(z, w) : D × C → D satisfy Caratheodory conditions, i.e., ν is
measurable by z ∈ D for all fixed w ∈ C, and continuous by w for almost
all z ∈ D. Now

Kµn,νn(z, w) =
1 + |µn(z, w)|+ |νn(z, w)|
1− |µn (z, w)| − |νn(z, w)|

6 n

for almost all z ∈ D and all w ∈ C. Now the equation fz = µn(z, f(z)) ·
fz + νn(z, f(z)) · fz has a homeomorphic solution fn in W 1,1

loc (D) such that
f −1
n ∈ W 1,2

loc (fn(D)) and fn(0) = 0, fn(1) = 1.
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Let fn be a solution of (1) and gn = f −1
n . Set KT

µgn
(w,w0) =∣∣∣1−w−w0

w−w0
µgn (w)

∣∣∣2
1−|µgn (w)|2 and KI,p(w, gn) = |(gn)w|2−|(gn)w|2

(|(gn)w|−|(gn)w|)p .

Theorem. Let µ, ν, µn, νn, fn and gn be defined as above. Let Q,Q0 :
C → [0,∞] ne Lebesgue measurable functions. Assume that Kµ,ν(z, w) 6
Q0(z) <∞ for all w ∈ C and almost all z ∈ D. Assume that the following
conditions hold:

1) for all 0 < r1 < r2 < 1 and y0 ∈ C there is E ⊂ [r1, r2] of a positive
Lebesgue measure such that Q is integrable over S(y0, r) for all r ∈ E;

2) there are 1 < p 6 2 andM > 0 such that
∫

fn(D)

KI,p(w, gn) dm(w) 6M

for all n = 1, 2, . . . , where KI,p(w, gn) is defined as above;

3) the relation
KT
µgn

(w,w0) 6 Q(w)

holds for all w ∈ fn(D) and all w0 ∈ fn(D), where KT
µgn

is defined above.
Then the equation (1) has a continuous W 1,p

loc (D)-solution f in D.

Vitalii Shpakivskyi (Kyiv, Ukraine)

σ-MONOGENIC FUNCTIONS IN COMMUTATIVE
ALGEBRAS

Let A be an arbitrary n-dimensional (1 ≤ n <∞) commutative associ-
ative algebra with unit over the field of complex number C. E. Cartan
proved that in A there exist a basis {Ik}nk=1 such that the first m basis
vectors I1, I2, . . . , Im are idempotents and another vectors Im+1, Im+2, . . . , In
are nilpotents. The element 1 = I1 + I2 + · · ·+ Im is the unit of A.

In the algebra A we consider the vectors e1, e2, . . . , ed, 2 ≤ d ≤ 2n. Let
these vectors have the following decomposition in the basis of the algebra:

ej =
n∑
r=1

ajr Ir , ajr ∈ C, j = 1, 2, . . . , d. (1)

Throughout this paper, we will assume that at least one of the vectors
e1, e2, . . . , ed is invertible. This condition ensures the uniqueness of the σ-
derivative.

For the element ζ = x1e1 + x2e2 + · · · + xded , where x1, x2, . . . , xd ∈ R,
the complex numbers

ξu := x1a1u + x2a2u + · · ·+ xdadu, u = 1, 2, . . . ,m
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forms the spectrum of the point ζ.
Consider in the algebra A a linear span

Ed := {ζ = x1e1 + x2e2 + · · ·+ xded : x1, x2, . . . , xd ∈ R}

generated by the vectors e1, e2, . . . , ed of A.
Next, the assumption is essential: for each fixed u ∈ {1, 2, . . . ,m} at

least one of the numbers a1u, a2u, . . . , adu belongs to C \ R.
We identify a domain Ω in the space Rd with the domain

Ω := {ζ = x1e1 + x2e2 + · · ·+ xded : (x1, x2, . . . , xd) ∈ S} in Ed ⊂ A.

Definition 1 [1]. We will call the continuous function Φ : Ω → A
monogenic in the domain Ω ⊂ Ed if Φ is differentiable in the sense of
Gâteaux at every point of this domain, that is, if for each ζ ∈ Ω there exists
an element Φ′(ζ) of the algebra A such that the equality

lim
ε→0+0

Φ(ζ + εh)− Φ(ζ)

ε
= hΦ′(ζ) ∀h ∈ Ed (2)

holds. Φ′(ζ) is called the Gâteaux derivative of the function Φ at the point
ζ.

The theory of monogenic functions in commutative algebras is well
developed in the works of the author and his colleagues S. A. Plaksa,
S. V. Gryshchuk and R. P. Pukhtaievych. Monogenic functions are some
analog of analytic functions in commutative algebras.

At the end of book [2], V. Kravchenko poses 5 open problems. In
the fourth problem, Kravchenko points out the need to construct a
pseudoanalytic function theory in multidimensional case.

Our work is an attempt to solve the Kravchenko problem in the case
of any finite-dimensional commutative associative algebra. Namely, by
developing the ideas of L. Bers and G. Polozhii, σ-monogenic functions
will be introduce in any commutative associative algebra.

Let a function Φ : Ω→ A be of the form

Φ(ζ) =
n∑
k=1

Uk(x1, x2, . . . , xd) Ik . (3)

Let σ be a collection of n A-valued functions:

σ = (σ1, σ2, . . . , σn),

where σk = σk(x1, x2, . . . , xd) = σk(ζ), k = 1, 2, . . . , n, is a function in A.

For a vector h =
d∑
j=1

hjej, hj ∈ R, we denote

∆ε,h,σΦ(ζ) :=
n∑
k=1

σk(ζ)
(
Uk(x1 + εh1, . . . , xd + εhd)− Uk(x1, . . . , xd)

)
Ik .
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Definition 2 We will call the continuous function Φ : Ω → A σ-
monogenic in the domain Ω ⊂ Ed if for each ζ ∈ Ω there exists an element
Φ′σ(ζ) of the algebra A such that for every h ∈ Ed the equality

lim
ε→0+0

∆ε,h,σΦ(ζ)

ε
= hΦ′σ(ζ) (4)

holds. Φ′σ(ζ) is called σ-derivative of the function Φ at the point ζ.
Remark 1. If for all k = 1, 2, . . . , n σk ≡ 1, then definition 2 coincides

with definition 1, i. e. 1-monogenic function is monogenic.
Remark 2. If A ≡ C and for special choice of σ1, σ2 the definition (4)

coincides with the definition of pseudoanalytic function in the sense of Bers.
Necessary and sufficient conditions for σ-monogeneity have been establi-

shed. In some low-dimensional algebras, with a special choice of σ, the
representation of σ-monogenic functions is obtained using holomorphic
functions of a complex variable. We proposed the application of σ-monogenic
functions with values in two-dimensional biharmonic algebra to representati-
on of solutions of two-dimensional biharmonic equation. The announced
results are published in the paper [3].
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Andrey Targonskii (Zhytomir, Ukraine)

AN EXTREMAL PROBLEM FOR A MOSAIC SYSTEM OF
POINTS

In the geometric theory of functions of a complex variable, the well-
known direction is related to the estimates of the products of the inner
radii of pairwise nonoverlapping domains. This direction is called extreme
problems in classes of pairwise nonoverlapping domains [1]. One of the
problems of this type is considered in the present work.

Let the numbers n,m, d ∈ N be fixed.
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The system of points An,m = {ak,p ∈ C : k = 1, n, p = 1,m}, is called an
(n,m)-ray system of points, if, for all k = 1, n, the following relations hold:

0 < |ak,1| < . . . < |ak,m| <∞;

arg ak,1 = arg ak,2 = . . . = arg ak,m =: θk;

0 = θ1 < θ2 < . . . < θn < θn+1 := 2π.

For such systems of points, let us consider the following quantities:

αk =
1

π
[θk+1 − θk] , k = 1, n, αn+1 := α1, α0 := αn,

n∑
k=1

αk = 2.

For any (n,m)-equiangular ray system of points An,m = {ak,p}, we consi-
der the following controlling functional

M (An,m) =
n∏
k=1

m∏
p=1

[
χ
(
|ak,p|

1
αk

)
· χ
(
|ak,p|

1
αk−1

)] 1
2 · |ak,p|,

where χ(t) = 1
2
· (t+ t−1) .

Consider the system of angular domains:

Pk (An,m) = {w ∈ C : θk < argw < θk+1}, k = 1, n.

For a fixed number β,R ∈ R+, 0 < β < 2π
n
, consider the unique branch

of the multibranch analytic function

zk(w) =
i

R
1
αk · sin β

αk

·
(
−
(
e−iθkw

) 1
αk +R

1
αk · cos

β

αk

)
. (1)

For each k = 1, n, it realizes the one-sheet conformal mapping of the domain
Pk onto the right half-plane Rez > 0.

For each k = 1, n we denote

Ω
(k)
j :=

{
z : |z − i%j| = rj, 0 ≤ arg z ≤ π

2
, %j ∈ R, rj ∈ R+

}
, j = 1,m,

Ω
(k)
j :=

{
z : |z − i%j| = rj,−π

2
≤ arg z ≤ 0, %j ∈ R, rj ∈ R+

}
,

j = m+ 1, 2m,
(2)

where
%1 + r1 > %2 + r2 > ... > %2m + r2m.

Let {bk}nk=1 ⊂ C be a set of points such that

bk ∈ Pk, arg bk − θk = β, |bk| = R, k = 1, n.
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Let, for each fixed k, k = 1, n,
{
L

(k)
j

}2m

j=1
– be a collection of curves such

that
L

(k)
j ⊂ Pk, bk ∈ L(k)

j , j = 1, 2m,

ak,p ∈ L(k−1)
m−p+1, ak,p ∈ L

(k)
m+p, p = 1,m,

zk : L
(k)
j → Ω

(k)
j , j = 1, 2m.

(3)

It is easy to see from relations (1), (2), (3) that

zk (bk) = 1, zk (ak+1,p) = iλp, zk (ak,p) = −iλm+p,

an+1,p := a1,p, λt > 0, t = 1, 2m, k = 1, n, p = 1,m.

For each k = 1, n we denote the corresponding systems of points by

D
(k)
2m,d =

{
c

(k)
j,s ∈ L

(k)
j : 0 <

∣∣∣arg zk

(
c

(k)
j,1

)∣∣∣ < ∣∣∣arg zk

(
c

(k)
j,2

)∣∣∣ <
< ... <

∣∣∣arg zk

(
c

(k)
j,d

)∣∣∣ < π

2
, j = 1, 2m, s = 1, d

}
.

The system of points

ADn,m,d =
n⋃
k=1

D
(k)
2m,d

⋃
An,m

will be called mosaic.
For any mosaic system of points ADn,m,d, we consider the following

“controlling” functional

µ (ADn,m,d) :=
n∏
k=1

(∣∣∣ak,p∣∣∣ · ∣∣∣c(k)
j,s

∣∣∣2d)1− 1
αk

.

For the mosaic point system, the valid result obtained is [2].
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Tkachuk M. V.
Plaksa S. A.

Shpakivskyi V. S.
(Kyiv, Ukraine)

ANALOG OF HILLE’S THEOREM FOR
FINITE-DIMENSIONAL COMMUTATIVE ALGEBRA

We prove that a locally bounded and differentiable in the sense of
Gâteaux function given in a finite-dimensional commutative Banach algebra
over the complex field is also differentiable in the sense of Lorch. This holds
for a functions defined in any domain of any real subspace which satisfies
one condition: images of this subspace under all characters of the algebra
are whole complex plane.
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Vyhivska Liudmyla (Kyiv, Ukraine; Wroclaw, Poland)

THE ESTIMATES OF THE INNER RADII OF SYMMETRIC
NON-OVERLAPPING DOMAINS

Let N and R be the sets of natural and real numbers, respectively, C be
the complex plane, C = C

⋃
{∞} be the Riemann sphere, and r(B, a) be

the inner radius of the domain B ⊂ C with respect to the point a ∈ B.
Consider the different non-overlapping domains B0, B1, ..., Bn (Bp∩Bj =

Ø for p 6= j, p, j = 0, n) such that a0 = 0 ∈ B0 ⊂ C, ak ∈ Bk ⊂ C, k = 1, n,
moreover domains B1, ..., Bn have symmetry with respect to unit circle, and
for γ ∈ (0, n] consider the value

In(γ) = rγ (B0, 0)
n∏
k=1

r (Bk, ak) . (1)
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Problem. (see [1]) For any fixed γ ∈ (0, n] to find the maximum of the
functional (1) and to show that this maximum is reached for some confi-
guration of the domains Bk and points ak, k = 0, n, which has n-fold
symmetry.

This problem is one of the problems of the geometric function theory.
The problem has a solution only if γ 6 n as soon as γ = n + ε, ε > 0, the
problem has no solution. Currently it still unsolved in general, only partial
results are known (see, f.e. [2]).

The following theorem holds (prove see in [3]).

Theorem 1. Let n = 4, 7, 1 < γ 6 γn, γ4 = 1, 6, γ5 = 1, 65, γ6 = 1, 7,
γ7 = 1, 77. Then for any different system of points {ak}nk=0 such that a0 = 0,
|ak| = 1, k = 1, n and for any different system of non-overlapping domains
{Bk}nk=0 such that a0 ∈ B0 ⊂ C, ak ∈ Bk ⊂ C, k = 1, n, moreover domains
{Bk}nk=1 have symmetry with respect to unit circle, the following inequality
holds

rγ (B0, 0)
n∏
k=1

r (Bk, ak) 6

(
4

n

)n (
2γ
n2

) γ
n(

1− 2γ
n2

)n
2

+ γ
n

(
n−
√

2γ

n+
√

2γ

)√2γ

.

Equality is attained if ak and Bk, k = 0, n are, respectively, poles and
circular domains of the quadratic differential

Q(w)dw2 = −γw
2n + 2(n2 − γ)wn + γ

w2(wn − 1)2
dw2.

Acknowledgements The author is greatly indebted to Professor Aleksander
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Mykola ZABOLOTSKYI
Mariana MOSTOVA

(Lviv, Ukraine)

ASYMPTOTIC BEHAVIOR OF THE LOGARITHMIC
DERIVATIVE OF THE BLASCHKE PRODUCT WITH

SLOWLY INCREASING COUNTING FUNCTION OF ZEROS

Let an = 1−rneiθn (−π/2 < θn < π/2) be a sequence of zeros of the Blaschke

product B(z) =
+∞∏
n=1

an
|an|
· an − z

1− anz
, n(t) = n(t, B) be a number of (an) on

the disc {z : |z| ≤ t} such that 1− rn ≤ t, 0 < t < 1, rn → 0+ as n→ +∞.
L denotes class of slowly increasing at a point 1 functions υ, that is υ(t) be
continuous on [0, 1), υ(0) = 0, υ(t) ∼ υ ((1 + t)/2) , t→ 1− .

We denote by B(υ), υ ∈ L, a set of Blaschke products B which zeros
satisfy the condition lim

t→1−
n(t, B)/υ(t) < +∞.

Let Γm =
m⋃
j=1

{z : |z| < 1, arg(1 − z) = −ψj} =
m⋃
j=1

lψj , −π/2 + η <

ψ1 < ψ2 < . . . < ψm < π/2 − η, 0 < η < 1, be a finite system of rays;
B(υ; Γm) be a subclass of products B of the class B(υ) with zeros (an) on
Γm; n(t, ψj) = n(t, ψj;B) be the number of zeros of the product B on the
ray lψj such that 1− rn ≤ t.

For υ̃ ∈ L we set υ(t) =
t∫

0

υ̃(x)

1− x
dx, 0 ≤ t < 1, υ(0) = 0. It is easy

to see that υ ∈ L and υ̃(t) = o (υ(t)) , t→ 1− .

Theorem 1. Let υ̃ ∈ L, ∆j ≥ 0, B ∈ B(υ; Γm) and for each j = 1,m
n(t;ψj) = ∆jυ(t) + o (υ̃(t)) , t → 1 − . Then for z = 1 − re−iϕ, ϕ ∈(
−π

2
;
π

2

)
\

(
m⋃
j=1

θψj

)
,

(1−z)
B′(z)

B(z)
= −i

m∑
j=1

∆j (2ψj+π sign(ϕ−ψj)) υ̃(1−r)+o (υ̃(1−r)) , r → 0+,

(1)
moreover for any δ > 0 relation (1) holds uniformly relative to ϕ on the set(
−π

2
;
π

2

)
\

(
m⋃
j=1

(ψj − δ, ψj + δ)

)
.

Theorem 2. Let υ̃ ∈ L, ∆j ≥ 0, B ∈ B(υ; Γm) and relation (1) holds.
Then n(t;ψj) = (1 + o(1)) ∆jυ(t), t→ 1− .
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ASYMPTOTIC BEHAVIOR OF SUBHARMONIC IN Rm,
m ≥ 3, FUNCTIONS OF SLOW GROWTH

By SHm(0) we denote a class of functions of order zero subharmonic in
Rm, m ≥ 3. Further, by SH−m(0) we denote a subclass of functions u from
SHm(0) such that u are harmonic functions beyond the negative semiaxis
Ox1.

A nonnegative nondecreasing unbounded function on [0; +∞) is called a
comparison function. By L we denote the set of continuously differentiable
comparison functions v such that tv′(t)/v(t)→ 0 as t→ +∞. For v ∈ L we

set v1(r) =
r∫
1

v(t)/tdt.

We denote

A(m) =
m−2∑
k=1

Ck
m−1Im−1(m− 2− k),

where

In(k) =

+∞∫
1

tkdt

(t+ 1)n
, n ∈ N, n ≥ 2, k = 0, 1, ..., n− 2.

Let µ is Riesz measure of a function u, n(t, u) = µ
(
{x : |x| ≤ t}

)
,

N(t, u) = (m− 2)
t∫
1

n(τ, u)/τm−1dτ .

Theorem 1. Suppose that u ∈ SH−m(0), v ∈ L, u(r) = u(r, 0, ..., 0).
(A) If

N(t, u) = v1(t) + o(v(t)), t→ +∞,

then
u(r) = v1(r) + A(m)v(r) + o(v(r)), r → +∞. (1)

(B) Conversely, if (1) is true, then

N(t, u) = (1 + o(1))v1(t), t→ +∞.
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Zolkina I. S.
Kolomiiets T.Yu.

(Zhytomyr, Ukraine)

THE NORMAL DISTRIBUTION LAW OF RANDOM
QUATERNIONS AND ITS APPLICATION

In recent years, research on quaternion normal distribution has been
devoted to works in which authors study various approaches to developing
and describing this distribution using complex mathematical methods [1-3].
This paper presents a visual model of the normal distribution of random
quaternions (under specified conditions), which is a generalization of the
three-sigma rule of the classical normal distribution to the case of standard
deviations of quaternions.

Let us have a finite sample from a set of random quaternions Q:

Qm = a+ bi+ cj + dk, m = 1, 2, . . . , n,

whose components a, b, c, d ∈ R are normally distributed random vari-
ables with corresponding probabilities p1, p2, p3, p4 ∈ R. Then we write the
probabilities of quaternions appearing in the sample as quaternion probabi-
lities:

Pm = p1 + p2i+ p3j + p4k, p1, p2, p3, p4 ∈ R, m = 1, 2, . . . , n.

The mathematical expectation of random quaternions Q has two
formulas:

MR(Q) =
n∑

m=1

QmPm; ML(Q) =
n∑

m=1

PmQm. (1)

Using the right-hand and left-hand mathematical expectations (1), we
obtain four formulas for the variances of random quaternions Q:

DRR(Q) =
n∑

m=1

(Qm −MR(Q))2 Pm;DRL(Q) =
n∑

m=1

(Qm −ML(Q))2 Pm;

DLL(Q) =
n∑

m=1

Pm (Qm −ML(Q))2 ;DLR(Q) =
n∑

m=1

Pm (Qm −MR(Q))2 .

(2)

According to (2), we have four standard deviations:

σRR(Q) =
√
DRR(Q); σRL(Q) =

√
DRL(Q);

σLL(Q) =
√
DLL(Q); σLR(Q) =

√
DLR(Q).

(3)
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Let us consider a sample of unique random quaternions in the sense that
each quaternion will occur only once in this sample, i.e., the probabilities
of encountering all quaternions are equal. In this case, we will write the
quaternion-valued probabilities as:

pm = p(1 + i+ j + k), m = 1, 2, . . . , n, p ∈
[
0;

1

2

]
, p =

1

2n
. (4)

Writing down formulas (1) – (3) and taking into account (4), we
construct a visualization of the normal distribution of random quaternions
(Fig. 1). The model is implemented in the Python programming language.

Рис. 1: Normal distribution of 200 and 1000 quaternions at M = 10, σ = 5.

Empirically, we constructed distributions of random quaternions with
volumes of 100, 150, 200, 500, and 1000 points at M = 10, σ = 5. Based on
the constructed models, we concluded that the visual model of the normal
distribution of random quaternions looks like two spheres, with the left
sphere usually closer to the center of dispersion and the right sphere further
from the center of dispersion. Fig.1 shows that the larger the sample size, the
greater the number of quaternions located closer to the center of dispersion.
In this regard, we formulate the rule of standard deviations of quaternions
as follows: almost 68% of quaternion points fall within the sphere with the
smaller radius (i.e., the left standard deviations play the role of 1σ), and
almost 99,7% of quaternions fall within the sphere with the larger radius
(i.e., the right standard deviations play the role of 3σ). Elements located
outside the larger sphere are at distances greater than the radii of standard
deviations from the center of dispersion and therefore fall outside the 3σ
limits.

We can see that the model (Fig.1) has similarities with real physical
objects – spherical star clusters studied in astrophysics. This makes it possi-
ble to apply the obtained model, for example, to simulate the interaction
of stars in clusters or as initial conditions for the evolution of star motion
over time.
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ON THE FUNCTIONS RELATED WITH THE ANALYTIC
SOLUTIONS OF THE CAUCHY PROBLEM FOR WAVE

AND HEAT EQUATIONS

Notations, definitions and more references on the topic are in [1,2]. We
investigate properties of entire solutions of the Cauchy problem for one-
dimensional homogeneous hyperbolic equation. Considering analytic conti-
nuation of the solutions given by the D’Alambert formula we have found
some conditions providing L-index boundedness in the direction for some
functions related with the solutions. In particular, for homogomogeneous
wave equation c2 ∂2

∂x2
u(x, t) = ∂2

∂t2
u(x, t) with initial conditions u(x, 0) =

ϕ(x), ut(x, 0) = ψ(x) its solution has the form

u(x, t) = ϕ(x+ct)+ϕ(x−ct)
2

+ 1
2c

x+ct∫
x−ct

ψ(α)dα.

We study the function H(x, t) = ϕ(x+ct)+ϕ(x−ct)
2

+ e
2c

x+ct∫
x−ct

ψ(α)dα, where

x, t, c ∈ C, e is a positive constant which is determined with some condi-
tions by the functions ϕ and ψ. Our main result gives sufficient conditi-
ons of boundedness of L-index in a direction b for the functions H. Its
proof uses known sufficent conditions for the sum of entire functions. At
the end, we pose open problems concerning conditions of the directional
L-index boundedness for analytic solutions of the Cauchy problem of the
heat equation.

An entire function F (z), z ∈ Cn, is called a function of bounded L-index
in a direction b ∈ Cn \ {0}, if there exists m0 ∈ Z+ such that for every
m ∈ Z+ and every z ∈ Cn

1

m!Lm(z)

∣∣∣∣∂mF (z)

∂bm

∣∣∣∣ ≤ max

{
1

k!Lk(z)

∣∣∣∣∂kF (z)

∂bk

∣∣∣∣ : 0 ≤ k ≤ m0

}
,
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where ∂0F (z)
∂b0 :=F (z), ∂F (z)

∂b
:=

n∑
j=1

∂F (z)
∂zj

bj = 〈gradF,b〉, ∂
kF (z)
∂bk

:= ∂
∂b

(
∂k−1F (z)
∂bk−1

)
,

k ≥ 2.
The least such integer m0 = m0(b) is called the L-index in the direction

b ∈ Cn\{0} of the entire function F (z) and is denoted by Nb(F,L) = m0. If
such m0 does not exist then F is called a function of unbounded L-index in
the direction b and we suppose that Nb(F,L) =∞. If L(z) ≡ 1 then F (z) is
called a function of bounded index in the direction b and Nb(F ) = Nb(F, 1).

Theorem 1. Let ϕ : C→ C, ψ : C→ C be entire functions, l : C→ R+,
l ∈ Q, c ∈ C \ {0}. The following conditions are satisfied:

1. the function F (x, t) = ϕ(x+ ct) + ϕ(x− ct) is of bounded L-index in
the direction b = (b1, b2), where the function L is given by the formula
L(x, t) = max{l(x− ct), l(x+ ct)} and b1 − b2c 6= 0;

2. For every point t ∈ C the function Ψt(τ) =
2ct+(b1+b2c)τ∫

(b1−b2c)τ
ψ(α)dα 6≡ 0;

3. For every point t ∈ C one has max
|t′−τ0|=2|t−τ0|

∣∣ 2ct+(b1+b2c)t′∫
(b1−b2c)t′

ψ(s)ds
∣∣ ≤

≤ c max
0≤k≤Nb(Fα,Lα)

{
|(b1 − cb2)k · ϕ(k)((b1 − b2c)t)+

+(b1 + cb2)k · ϕ(k)((b1 + (b2 + 2)c)t)|/(k!Lk((c1 + b1)t, (1 + b2)t))
}
.

where τ0 is chosen such that Ψt(τ0) 6= 0;

4. There exist such positive constant e such that

max

{∣∣ 2ct+(b1+b2c)t′∫
(b1−b2c)t′

ψ(s)ds
∣∣ : |t′ − τ0| = 2λb2 (1)/L(c1t+ b1τ0, t+ b2τ0)

}
≤

≤ e

∣∣∣∣
2ct+(b1+b2c)τ0∫
(b1−b2c)τ0

ψ(α)dα

∣∣∣∣. (1)

If |ε| < 1
2e

then the function H(x, t) = ϕ(x+ct)+ϕ(x−ct)
2

+ ε
2c

x+ct∫
x−ct

ψ(α)dα is

of bounded L-index in the direction b with Nb(H,L) ≤ Nb(F,L).
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ON CONVERGENCE OF SOME CLASS OF MAPPINGS IN
METRIC SPACES

Everywhere further, (X, d, µ) and (X ′, d ′, µ ′) are metric spaces with
metrics d and d ′ and locally finite Borel measures µ and µ ′, correspondingly.
Let G and G ′ be domains with finite Hausdorff dimensions α and α ′ > 2
in (X, d, µ) and (X ′, d ′, µ ′), respectively. For x0 ∈ X and r > 0, S(x0, r)
denotes the sphere {x ∈ X : d(x, x0) = r}. Put d(E) := sup

x,y∈E
d(x, y). Given

0 < r1 < r2 < ∞, denote A = A(x0, r1, r2) = {x ∈ X : r1 < d(x, x0) < r2}.
Let p > 1 and q > 1, and let Q : G→ [0,∞] be a measurable function. Due
to [1], a homeomorphism f : G→ G ′ is called a ring Q-homeomorphism at
a point x0 ∈ G with respect to (p, q)-moduli, if the inequality

Mp(f(Γ(S(x0, r1), S(x0, r2), A(x0, r1, r2))))

6
∫

A(x0,r1,r2)∩G

Q(x) · ηq(d(x, x0)) dµ(x)

holds for all 0 < r1 < r2 < r0 := d(G) and each measurable function

η : (r1, r2) → [0,∞] with
r2∫
r1

η(r) dr > 1 . We say that f : G → G ′ is a ring

Q-homeomorphism at a point x0 ∈ G, if the latter is true for p = α ′ and
q = α.

We say that the condition of the complete divergence of paths is satisfied
in D ⊂ X if for any different points y1 and y2 ∈ D there are some w1,
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w2 ∈ ∂D and paths α2 : (−2,−1] → D, α1 : [1, 2) → D such that 1)
α1 and α2 are subpaths of some geodesic path α : [−2, 2] → X, that is,
α2 := α|(−2,−1] and α1 := α|[1,2); 2) the geodesic path α joins the points w2,
y2, y1 and w1 such that α(−2) = w2, α(−1) = y2, α(1) = y1, α(2) = w1.

Let dimX = n. For each real number n > 1, we define the Loewner
function Φn : (0,∞) → [0,∞) on X as Φn(t) = inf{Mn(Γ(E,F,X)) :
∆(E,F ) 6 t}, where the infimum is taken over all disjoint nondegenerate
continua E and F in X and

∆(E,F ) :=
dist (E,F )

min{d(E), d(F )}
.

A pathwise connected metric measure space (X,µ) is said to be a n-Loewner
space, if the Loewner function Φn(t) is positive for all t > 0. Observe that,
Rn and Bn ⊂ Rn are Loewner spaces (see Theorem 8.2 and Example 8.24(a)
in [2]). A domain D in Rn is called QED-domain if

M(Γ(E,F,Rn)) 6 A ·M(Γ(E,F,D))

for some finite number A > 1 and all continua E and F in D. Given a
domain D in X, a measurable function Q : D → [0,∞], a compact set
K ⊂ D and numbers A, δ > 0 denote by FA,δK,Q(D) a family of all ring
Q-homeomorphisms f : D → X ′ such that Df := f(D) is a compact QED-
subdomain of X ′ with general A in the definition of a QED-domain and,
in addition, d ′(f(K), ∂Df ) > δ.

Theorem. Let (X, d, µ) and (X ′, d ′, µ ′) be metric spaces with metrics
d and d ′ and locally finite Borel measures µ and µ ′, correspondingly. Let
D be a domain in X in which the condition of the complete divergence of
paths is satisfied. and let fn : D → X ′, n = 1, 2, . . . , be a sequence of
homeomorphisms of the class FA,δK,Q(D) which converges to some mapping
f : D → X ′ locally uniformly. Let X ′ be a n-Loewner space in which the
relation µ(BR) 6 C ∗Rn holds for some constant C ∗ > 1, for some exponent
n > 0 and for all closed balls BR of radius R > 0. Let K = G and G is a
compact subdomain of D. If Q ∈ L1(D), then f is a discrete in G.

If in addition, X ′ is locally path connected, then f is open. Besides that,
if all balls in X ′ are connected, and all closed balls in X are compact, then
f is a homeomorphism.

R E F E R E N C E S

1. Martio, O., Ryazanov, V., Srebro, U., and Yakubov, E. Moduli in
modern mapping theory, Springer Science + Business Media, LLC, New
York (2009).

2. Heinonen, J. Lectures on Analysis on metric spaces, Springer
Science+Business Media, New York (2001).

64



Contents
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